[bookmark: _6ckg569msfnn]1. A Dynamic Visualization 

“The truth may be puzzling. It may take some work to grapple with. It may be counterintuitive. It may contradict deeply held prejudices... But our preferences do not determine what’s true.” — Carl Sagan, Cosmos

In 2023, while doing a personal study on mathematics, I read through Timothy Gowers’ Mathematics: A Very Short Introduction, which has a chapter on exploring dimensional analysis and visualizing the fourth dimension. I had been introduced to such an exercise many years before while watching Carl Sagan’s Cosmos documentary in which he describes an object as a three-dimensional “shadow” of a four-dimensional hypercube, or tesseract. Most of my past attempts to understand the fourth spatial dimension seemed to fall short of a concrete apprehension, but this time around, while reading Gower’s book, I was keen to understand the fourth spatial dimension better. 
Carl Sagan’s explanation of visualizing the fourth spatial dimension is typical of most conventional attempts. Here is a transcript from the Cosmos documentary series:
“Now, let’s take this three-dimensional cube and project it, carry it, through a fourth physical dimension …. at right angles to [the three known] directions. I can’t show you what direction that is. But imagine that there is a fourth physical dimension. In that case, we would generate a four-dimensional hypercube, which is also called a tesseract. I cannot show you a tesseract because I and you are trapped in three dimensions. But what I can show you is the shadow in three dimensions of a four-dimensional hypercube or tesseract. This is it. And you can see its two nested cubes, all the vertices connected by lines. And now the real tesseract in four dimensions would have all lines of equal length and all the angles right angles. That’s not what we see here, but that’s the penalty of projection. So, you see, while we cannot imagine the world of four dimensions, we can certainly think about it perfectly well.”
[image: ]
A two-dimensional drawing of what Carl Sagan was describing as a three-dimensional “shadow” of a four-dimensional tesseract. A cube nested within a cube with new lines connecting the corners (vertices).
As I mentioned, I’ve struggled to grasp a fourth spatial dimension as scientific thinkers often present it—a concept supported by mathematics but exhausting to visualize. A foundational description, as represented here by Sagan in Cosmos, conceives of it as a direction mutually orthogonal to all three familiar spatial dimensions (length, width, and height). This geometric interpretation is a cornerstone of higher-dimensional geometry, the most iconic illustration of this concept being undoubtedly the tesseract, or hypercube, the four-dimensional analogue of a cube. This object was extensively explored and popularized by Charles Howard Hinton in his works such as A New Era of Thought (1888) and The Fourth Dimension (1904), where he developed methods for visualizing higher dimensions. 

[bookmark: _fqa3q8qs0knj]A Personal Revelation
Inspired to tackle this in my own way, I began to examine each dimension through the recursive progression method by drawing a dot, a line, a square, and a cube. As I did, I noticed that each dimension builds on the previous one, replicated into a new direction as a new type of form. A point, copied infinitely in one direction, becomes a line. A line, stretched perpendicular to itself with infinite copies in a new direction, can become a square. Similarly, a square replicated in a new direction perpendicular to its face can form a cube. How, then, could a cube extend further? I imagined in the same way as the lower dimensions the entire cube being replicated, not in some new direction, however, but within the already existing directions, and a visualization came to my mind; it was like a motion trail as commonly illustrated in comic books and other forms of art. This led to a striking revelation: motion itself could be the next spatial dimension, with an object’s motion pathways—the history of its positions and changes through space—as an additional geometrically measurable part of its complete form.
[image: Trail of cubes.]
A “trail of cubes”, commonly seen as representing a cube’s history, or pathway, of motion.
In the physics of relativity, time is also often considered the fourth dimension, yet motion, which takes place in space, offers a better candidacy for a fourth spatial dimension that includes time. Motion occurs in space, and the form of an object’s history of change through space and time is a measurable geometric extent, the very definition of what a dimension is. An object’s history of motion is beyond, yet still includes, its lower three dimensions. Motion is a new capacity of dimension, one that also includes time, not as a new dimension itself, but as a necessary additional metric for measuring that dimension. 
Gowers in his book goes on to describe a different four-dimensional representation of a cube:
“I can think of a four-dimensional cube as consisting of two three-dimensional cubes facing each other, with corresponding vertices joined by edges (in the fourth dimension), just as a three-dimensional cube consists of two squares facing each other with corresponding vertices joined. Although I do not have a completely clear picture of four-dimensional space, I can still ‘see’ that there are twelve edges for each of the two three-dimensional cubes, and eight edges linking their vertices together.” 
This sort of visualization can simply describe a cube’s pathway of positional motion. The two cubes can represent a single cube’s starting point and ending point, while the connecting lines represent its pathway, or history, of motion.
[image: ]
Another common representation of a four-dimensional cube, this image can easily represent a cube’s positional motion, from one point to another.

	Consider next a different type of a cube’s motion, of it expanding or contracting; what shape does the trail of its changing size make? It draws exactly what Carl Sagan showed to be a three-dimensional representation, or “shadow”, of a four-dimensional tesseract.

 [image: ]
The tesseract’s 3D “shadow” can be a visual representation of a 
cube’s motional pathway of expansion or contraction.

	When motion pathways of an object are treated as a part of its fourth spatial dimension, the tesseract’s three-dimensional “shadow” certainly does become a representation of a four-dimensional cube—specifically, the four-dimensional geometric trace of a cube expanding or contracting over time. 
	The entire path of an object’s movement—its shifting form or position over time—can be conceived as a continuous, four-dimensional structure like Mikowski’s worldline. In this view the fourth dimension of an object is partially represented by the geometric form traced through its motion over time.[footnoteRef:0]
 [0:  It may be that an object’s history of motion since the beginning of time constitutes its entire fourth-dimensional nature, but this work will focus on segmented moments of time.] 

[bookmark: _pv8n4ynch42a]
A New Coordinate System?
One of the earliest questions raised by this idea was how to express it within a coordinate system. Since time and motion are inherently linked—time, after all, is measured through motion, whether by Earth’s orbit or atomic vibration—we simply keep the temporal axis, t, as a reference for the spatial trace of transformation: the fourth axis in the (x, y, z, t) framework becomes a record of motion through geometric change. 
To illustrate, take the expanding or contracting motion of a cube that was described as mirroring the shifting “shadow” of a tesseract. Each of a cube’s eight corners can be represented with coordinate sets from (x₁, y₁, z₁, t1) to (x₈, y₈, z₈, t1) where t1 is one moment in time. As those same coordinates are plotted from t₁ to t₂ on a three-dimensional graph, new lines can be drawn between the t1 sets and the t2 sets, tracing the cube’s transformation. These new paths, what are considered new four-dimensional edges, can represent motion-vectors.
[image: ]
The diagram above shows a 2D rendering of a 3D “shadow” of a 4D tesseract. The outer cube’s corners are marked (x₁, y₁, z₁, t₁) through (x₈, y₈, z₈, t₁), while the inner cube mirrors these corners at t₂. The red lines between them represent each corner’s motion over time.
In reality, a cube moving through space leaves no visible trail—but conceptually, its history forms a shape. For basic motions, this might be a single path represented by a line or curve, but for more complex changes—like morphing into another shape—the representation of that motion might become a 3D web-like volume, requiring more intricate coordinate sets to fully describe an object’s paths of change.
[bookmark: _wabvxc1c0235]
Experiencing the Fourth Spatial Dimension
The full trajectory of a shape moving through space is more than a sequence of snapshots — it is a continuous structure in four dimensions, capturing not only where it has been, but how it may have formed along the way. While the coordinates (x, y, z, t) do include time, each set defines only a single moment — a static frame rather than the full dimensional arc. However, by plotting x, y, and z across a sequence of increasing t-values — t₁, t₂, t₃, and so on — we can chart an object’s path of transformation more accurately, forming a higher-quality dimensional projection of its behavior through an increased framerate. This, too, is just a kind of “shadow”—a projection of a complete four-dimensional experience, as we can represent the illusion of motion through techniques such as animation, but to see this fourth dimension fully we must see the motion of an object in the real world. 
Though, whether in real life, or represented through the projections of a 3D animation or holographic display, motion can be easily conceived as the higher-dimensional spatial behavior of a three-dimensional object. So while the fourth spatial dimension may seem obscure to us in classic descriptions, it is actually far from inaccessible. By treating an object's motion as its fourth-dimensional spatial property, we consider a fuller spatial world not built only from things that are, but from what they have become.
Carl Sagan said, “I cannot show you a tesseract because I and you are trapped in three dimensions.” I hold the deepest admiration for Sagan and his work, but through the process of developing this idea, I’ve come to believe otherwise. We are not trapped in three dimensions. When we conceive of the fourth dimension as motion, we realize that the moving world around us is that fourth dimension.
[bookmark: _3uwwj63rlekp]
Symmetry to Simplicity
Continuing with another of Carl Sagan’s statements, he went on to explain “the real tesseract in four dimensions would have all lines of equal length and all the angles right angles.” Imagining our example, and with a bit of a stretch in reasoning, that indeed may be possible, as all the lengths and angles of the tesseract (a cube in contraction/expansion motion as this book explains it) stay the same relative to itself in each moment of time as it changes size. The new 4D edges formed, though, are not the same length and at the same angle; they are the representations of the trace of the cube’s motion from its corners. 
Can the properties of Sagan’s tesseract with the added edges at right angle be shown through a different form of motion, though? What movements must a cube make to trace out all of its edges at equal length while also being at right angles? That situation is not possible within one moment in time, but if the cube is moved to the many positions that will let it meet those parameters over time, then we can frame that four dimensional imprint as satisfying those conditions in part of its fuller geometry of motion.
This stretch in logic raises an important consideration when reflecting on the standard interpretation of the recursive method, which typically begins with a line, a square, and a cube. These are not the simplest shapes for expressing dimensional progression — they may only appear so because of their symmetry and ease of visualizing the dimensional progression, but what qualifies as truly simple?
To move from a line into another dimension, we don’t necessarily need to extend it into a full square; we might simply stretch it into a thin rectangle, or draw out a single perpendicular line segment, or even pull one point away from the line, creating a triangle. From the triangle, a new three-dimensional shape can form by pulling up another point from its face: the tetrahedron, and from there a tetrahedron can be made into what is known as a pentatope, 5-cell or 4-simplex, its four-dimensional counterpart. A tesseract is composed of a cube within a cube, but a 5-cell is a tetrahedron with new edges from each corner meeting inside at the center, splitting the interior into three separate tetrahedra.
[image: ]
The 4-simplex, like the tesseract, is the 4D analogue of a tetrahedron.

	While the tesseract extends the cube’s pattern of increasing symmetry, the 4-simplex continues the tetrahedron’s path of simplicity, and as we will see here, both shapes align naturally with the concept of motion as a fourth spatial dimension.
Whereas the tesseract can model a cube in uniform expansion or contraction, the simplex offers a subtler visualization. Imagine just one corner of a tetrahedron moving inward toward its center. As this point shifts, its connected edges and faces deform accordingly, while the opposite face remains unchanged. The result is a progressively flattened tetrahedron, and the trajectory, traced through space, outlines the structure of a 4-simplex. The imprint of the moving interior edge can be represented as a motion-vector, tracing the path of change. In this sense, the 4-simplex emerges as a four-dimensional form of a three-dimensional map of motion in the same way the tesseract is a map of a cubes uniform growth.
[bookmark: _pxlvsz8g5or9]
From Corners to Curves
Let’s now consider a 3-sphere through the idea of motion as the fourth spatial dimension. What is a 3-sphere exactly? In conventional descriptions, like Sagan’s description of the tesseract, it’s a higher-dimensional analogue of a sphere. The geometric study of topology often represents the surface of a three-dimensional sphere—called a 2-sphere—as a 2-dimensional manifold embedded in 3D space, where each point can be described with two coordinates (x and y, or latitude and longitude). In topology, a manifold is a space that, in small regions, looks like ordinary Euclidean space of some dimension—just as the Earth’s surface appears flat, even though it's globally curved. In reality, the surface of a sphere curves through three dimensions—it has height, width, and depth—yet mathematically, a manifold allows us to model that curved space using only two locally flat coordinates, like how we use maps to navigate Earth's curved surface.
A 3-sphere is a step up: the surface of a hypothetical four-dimensional ball. Though conventional understanding makes it hard to visualize directly, mathematicians work with it comfortably—it’s rigorously defined as the set of all points in four-dimensional space that lie at a fixed distance from a central origin. This mirrors how a circle (a 1-sphere) in 2D and a regular sphere (a 2-sphere) in 3D are defined. While everyday intuition struggles to grasp it—much like the tesseract—we can still describe the 3-sphere’s structure using equations, coordinates, and geometric reasoning.
Let’s now consider how this abstract construct might align with the premise of this book. Unlike a cube, which acquires new edges when extruded into a tesseract, a sphere has no edges to “sprout” when it moves or transforms. Its boundary remains smooth and uniform in every direction, leaving no obvious structure to indicate its movement. So how do we describe its movement in terms of 4D geometry? One approach is to consider the 3D solids swept out by that motion—just as a cube extruding through space forms a higher-dimensional cube (a tesseract), a sphere expanding from radius r₁ to r₂ carves out a four-dimensional shape that includes the original sphere, the expanded sphere and the new shell in between: a thickened region bounded by two concentric 3-spheres. Mathematically, this region is defined in ℝ⁴ (the fourth spatial dimension) as all points whose distance from the origin lies between r₁ and r₂—a precise, volumetric “path” of transformation through the fourth dimension that meets the conditions of how a 4D sphere is described.
When considering rotational motion, a sphere may appear unchanged in the static 3D snapshots over time—an ordinary, unmoving object. Yet over time, each point on its surface traces a unique path through the fourth dimension. These paths collectively form a higher-dimensional structure: a dynamic surface embedded in four-dimensional space. To describe how the sphere’s orientation evolves, we can attach a directional reference to each point which tracks the rotational behavior as the sphere moves.
This entire system—the movement of points and the shift in orientation—can be understood as a transformation through four-dimensional geometry. While we’ll get into more of the mathematics in the next chapter, I hope it’s been made clear here that the language of four-dimensional geometry is not only capable of describing motion through space and time—it may be the language best suited for it.
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