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By a Hecke Algebra we will usually mean an lwahori Hecke algebra. We will now
explain what these are. A Cozeter group consist of data (W, 1) where W is a group
and I = {s1,---,s,} of elements of order 2 which generate W, subject to a certain
condition, which we will now explain. If 1 < 4,5 < r and ¢ # j let m(7, ) be the
order of s;s;. Since s; and s; have order 2, we have

SiSjSZ‘Sj s = SjSZ'SjSi e (1)

where there are m(i, j) factors on both sides. For example, if m(i, j) = 2, this means
$iSj = $;8;, so that s; and s; commute. If m(s,s’) = 3, then

SiSjSZ' = SjSZ'Sj

which is Artin’s braid relation. In general we will refer to (1) as the braid relation
satisfied by s; and s;. In order for W to be a Coxeter group it is required that the
given set of relations between elements of I give a presentation of W.

Informally, this means that any relation between generators in I can be deduced
from the fact that the s € X have order 2 and the braid relations. Formally, it
means the following. More formally, it means that W is isomorphic to the free group
on r generators oy, -+ ,0, modulo the smallest normal subgroup containing ¢? and
(0305 C0d)

For example, the symmetric group 5,1 is a Coxeter group with generators s; =
(1,24 1). If r = 2, we have a presentation in generators and relations:

2 2
Sy = <31, So|s7 = s5 =1, 518981 = 828182>

Weyl groups (both finite and affine) are important examples of Coxeter groups.
Finite Weyl groups arise in the theory of Lie groups; there is one for every Cartan
type. There is also an affine Weyl group which is infinite.



Given a Coxeter group W as above, there is an algebra called the wahori Hecke
algebra which we now describe. The ground field F' is assumed to contain a quantity
g which might be an indeterminate or (for some purposes) an integer prime power
or (for other purposes) a root of unity. So we will denote the algebra H,(W). It has
generators 11, - - - , T, subject to relations which we now state. First, it must satisfy
the braid relations:

LI = LT @
where there are m(i, j) factors on both sides. Second, instead of the relation s? = 1,
it satisfies a quadratic relation

T2 = (¢ — )T} +q.

Note that if ¢ = 1, this becomes T? = 1, so H; (W) is isomorphic to the group algebra
C[W]. In general, H,(W) may be thought of as a deformation of C[W].

How do Iwahori Hecke algebras arise in nature? As it turns out, they are quite
important.

e If GG is a group of Lie type over a finite field, and W is its Weyl group, then
H,(W) can be embedded in C[G(F,)], and this helps us understand the repre-
sentation theory of G(F,). For example, if G = GL,, then we gain insight into
the representation theory of GL,(F,).

e Let I be a nonarchimedean local field such as Q,,, and let I, be the residue field.
Let W.g be the affine Weyl group. It is an infinite Coxeter group containing
W as a finite subgroup. Then Iwahori and Matsumoto showed that H,(Wag)
can be realized as a convolution ring of functions on G(F"). This turns out to
be very important, and we will spend quite a bit of time explaining it, in the
process getting a good start on the representation theory of G(F'), needed for
the theory of automorphic forms.

But Iwahori Hecke algebras appear in other ways, too, seemingly unrelated to the
representation theory of p-adic groups.

e Kazhdan and Lusztig used them to define Kazhdan-Lusztig polynomials. These
appear in different seemingly unrelated contexts, such as the theory of singu-
larities of Schubert varieties, and in the decomposition of Verma modules of
Lie algebras.

e Jimbo showed that Iwahori Hecke algebras appear in a duality theory for quan-
tum groups. This is a deformation of Frobenius-Schur duality, which is an
important relationship between representations of symmetric groups and of

GL,(C).



e The Iwahori Hecke algebra is closely related to the Temperly-Lieb algebras
which arise in both statistical physics and quantum physics. The related ex-
amples were key in the discovery of quantum groups.

e [wahori Hecke algebras were used in Vaughn Jones’ first paper defining the
Jones polynomial.

e They appear in Dipper and James’ important papers on modular representa-
tions of finite groups of Lie type.

Thus Iwahori Hecke algebras are involved in many diverse problems.

1 Hecke Algebras reduce infinite dimensional prob-
lems to finite-dimensional ones

In this section, we will not give proofs, but explain some “facts of life” about repre-
sentations of p-adic groups to orient the reader. We will come back to these matters
more rigorously later. In the next sections, we will give analogs of these facts of life
for finite groups, with proofs. Later we will return to the p-adic case giving proofs.

Let F' be a nonarchimedean local field, and let o be its ring of integers. Thus we
could take ' = Q, and 0 = Z,. Let p be the maximal ideal of the discrete valuation
ring 0. Then o/p is a finite field F,.

Let G = GL(n, F'). This group is totally disconnected: its topology has a neigh-
borhood basis at the identity consisting of open subgroups. Thus let K° = GL(n, o).
This is a maximal compact subgroup. If N is any positive integer, let K(N) = {g €
K°lg =1 mod p¥}. Then K(N) are a family of open subgroups forming a basis of
neighborhoods of the identity.

A representation 7 : G — GL(V'), where V' is a complex vector space is called
smooth if when 0 # v € V the stabilizer {k € G|r(k)v = v} is open. It is called
admissible if furthermore given any open subgroup K the vector subspace V¥ is
finite-dimensional. The admissible representations contain the ones that are needed
in the theory of automorphic forms. For example, if 7 : G — GL(H) is any unitary
representation on a Hilbert space, then H contains a dense subspace V' on which G
acts, and m : G — GL(V) is admissible. In the theory of automorphic forms one
often works mainly with admissible representations.

The space V' is usually infinite-dimensional. It is very useful to know that we
may capture the representation in a finite-dimensional subspace V' as follows. Let
K be an open subgroup, and let Hy be the vector space of all compactly supported



functions ¢ on G such that ¢(kgk’) = ¢(g) when k, k' € K. We make K into a ring

as follows:
/ (gz~p(x) da.

Now if ¢ € Hi and v € V, where (7, V) is any smooth representation, we may
define w(¢) € End(V) by

U_/¢ g) dv. (3)

It is easy to check that
(g * 1) = m(9) om(¥).

The spherical Hecke algebra Hgo- is commutative.

On the other hand, let J be the subgroup of k € K° = GL(n,0) such that k
is upper triangular, where k € GL(n, [F,) is the image under the homomorphism
GL(n,0) — GL(n,F,). This subgroup J is the lwahori subgroup. The algebra H;
is nonabelian, but it has a beautiful structure. It has generators Ty, -- ,T,_1 and ¢
such that T; and T; commute unless ¢ = j &= 1 mod n, with the braid relations

LT T = Tipn T,
where we interpret ¢ + 1 as 0 if i = n — 1. Moreover
TP =(¢- 1T +q

Thus To, - -+ , T, generate an Iwahori Hecke algebra. The Coxeter group is the (infi-
nite) affine Weyl group of type Aﬁ}ll. The extra element ¢ has the effect tTjt =1 = T}, 4,
where we again interpret things mod n, so tT,,_;t~! = Tj.

Returning to the general case of an arbitrary open subgroup K, if ¢ € Hg then
7(¢) projects V onto the finite-dimensional subspace VE. We make VX into an
H c-module with the multiplication ¢ - v = 7(¢)v for ¢ € Hy, v € VE. We assume
that V' is admissible and that K is chosen to be small enough that V¥ is nonzero.

Theorem 1 (i) If (m, V) is an irreducible admissible representation and VX is nonzero,
then VE is an irreducible (i.e. simple) Hy-module.

(ii) If (=, V) and (o, W) are irreducible admissible representations, and if Vi =
WE as Hy-modules, then ™ and o are equivalent representations.



The proof will be given later in Section 3.

Thus the representation theory finite-dimensional of Hy faithfully captures the
representation theory of GG, provided we limit ourselves to the representations of GG
that have a nonzero subspace of K-fixed vectors.

We will be mainly interested in Iwahori Hecke algebras, so we will mainly be
interested in representations that have Iwahori fixed vectors. This excludes, for ex-
ample, supercuspidal representations. Nevertheless, this class of representations is
large enough for many purposes. It includes the spherical representations, that is,
those that have K°-fixed vectors. If 1 = ®m, is an automorphic cuspidal representa-
tion of the adele group A of a number field F', written as a restricted tensor product
over the places of F', then 7, is spherical for all but finitely many places v.

Then why not just restrict to the spherical Hecke algebra Hg. instead of the
larger, nonabelian Iwahori Hecke algebra? The answer is that even if one is only
concerned with spherical representations, their theory naturally leads to the Iwahori
subgroup and the Iwahori Hecke algebra. We will see why later.

2 Hecke Algebras of Finite Groups

Even for finite groups, the theory of Hecke algebras has nontrivial important content,
which we turn to now.

Let GG be a finite group.

If (m, V) is a representation, let (7, f/) be the contragredient representation. Thus
V = V* is the dual space of V. If v € V then  is a linear functional on V. We
will use the notation (v, v) instead of ¥(v). The representation 7(g) is defined by the
condition

<7T(g)1), f]> - <U7 7Ar(g_l)f)> .
If ¢, are functions on G, the convolution ¢ x 1 is defined by
x -,
(0% )9 |G|IEZG¢ |G|§¢g

The space ‘H of all functions on GG with convolution as multiplication is a ring iso-
morphic to the group algebra. Namely, if ¢ € H let ¢’ = el G| > gec 9(9) 9.

Lemma 1 ¢ +— ¢ is a ring isomorphism H — CI|G].

Proof The coefficient of ¢ in ¢/¢)/ = @ Y o(x)Y(y)ry is ﬁ(ﬁb *)(9g). U



Suppose that 7 : G — GL(V) is a representation of G on a complex vector

space and that ¢ € H. Define 7(¢) € End(V) by

1
(6 = a7 > oélg)m(g)v.

geG

Lemma 2 [f ¢, € H then w(¢ * ) = w(¢p) o ().
Proof We leave the proof of this to the reader. O

Let K be a subgroup of G. We define the Hecke algebra Hx to be the vector
space of K-biinvariant functions on G, that is, functions ¢ : G — C such that
o(kgk') = ¢(g) for k, k' € K. It too is a ring under convolution.

Suppose that (7, V') is a representation of G. Let

VE ={veVir(k)v=vforal k € K}

be the space of K-fixed vectors. Then if ¢ € Hy, m(¢) maps V into VE. We then
make VE into an Hx-module with the multiplication ¢ - v = 7(¢)v for ¢ € Hx and
velV.

Lemma 3 Let [ : VE — C be any linear functional. Then there exists a vector
0 € VE such that [(v) = (v, ).

Proof We extend [ to a linear functional 0y on V. Let 0 = \qu > ker T(k)vo. Then

¥ agrees with 99 on V¥ since if v € VX we have

R 1 o R 1 a1 R
(v,0) = ] > (v, 7 (k)io) = (v, 0) = & > {a(k "y, bo) = & > (v, )

keK keK kK
because v € VK, O
Proposition 1 If VE £ 0 then VE £ 0.
Proof This is immediate from the Lemma. O

Proposition 2 Let R be an algebra over a field F' and let My, My be simple R-
modules which are finite-dimensional vector spaces over F'. Assume there exist linear
functionals L; : M; — F and m; € M; such that L;(m;) # 0 and Li(rm;) =
Lo(rmg) for all r € R. Then My = My as R-modules.



In the next Proposition, we will apply this when R is a group algebra. In that case,
we could equally well use Schur orthogonality of matrix coefficients for irreducible
representations of finite groups. However the statement at hand will be useful later.
Proof Let M be a simple R-module. If m € M and L is in the dual space M* let
us define ¢y, 1, € Endp(M) and f,, 1 : R — F by

Gm.p(2) = L(z)m,  fmr(r) = Lirm).

Let Rys be the ring of functions on R which are finite linear combinations of the
functions f,, . Then the maps (m,L) — ¢, and (m,L) — f,, 1 are bilinear,
hence there are linear maps M ® M* — Endp(M) and M @ M* — R, sending
m & L to ¢, and f,, 1 respectively. The first map is a vector space isomorphism
and so there exists a linear A : Endp(M) — Ry such that Adp, . = fin.r-

We define left R-module structures on Endg(M) and on Ry, as follows. If ¢ €
Endp(M) and r € R then r¢ is the endomorphism (r¢)(m) = r¢(m). On the other
hand, if f € Ry and r € R we define rf : R — F by rf(s) = f(sr) for s € R.
To see that rf € Ry we may assume that f = f,, 1, in which case we easily check
that v fo. = frm,r. We also have r¢,, 1, = ¢y 1, and it follows that the map A is an
R-module homomorphism with these structures.

Now as an R-module Endg(M) decomposes as a direct sum of d copies of M,
where d = dimp(M). Since this R-module contains only copies of this one isomor-
phism class of simple modules, and since A : Endp(M) — Ry, is a surjection, it
follows that any simple R-submodule of R is isomorphic to M.

Because Ry, and R, have a nonzero element in common, it follows that M;
and M, are isomorphic. [l

If (m,V) is an irreducible representation of G we call any function of the form
(m(g)v,v) a matriz coefficient of V. Applying Proposition 2 to the group algebra, we
see that two irreducible representations are equivalent if they have a matrix coefficient
in common. The next result shows that the Hg-module V¥ contains complete
information about V', even though it may be much smaller, provided V& # 0. This
is the analog of Theorem 1, which we have not yet proved.

Theorem 2 (i) Suppose that (m,V') is an irreducible representation of G such that
VE is nonzero. Then VE is an irreducible Hy submodule.

(ii) If (o, W) is another irreducible representation of G such that VE and W%
are both nonzero, and VE = WX as Hg-modules. Then 7 and o are equivalent
representations.



Proof Let us prove (i). Suppose that U C V¥ is a nonzero submodule. We wish
to show that U = VE. Let 0 # u € U. It is sufficient to show that Hzu = VE.
Therefore let v € VE. We will show that there is ¢ € Hy such that 7(¢)u = v.

Since V' is irreducible, and since Hu is a G-submodule of V| we have Hu = V.
Therefore let ¢ € ‘H such that w(¢)u = v. Let

9(9) |2 > wlkgh').

kkeK

Clearly ¢ € Hi. Now we have

> vt

k, k’eK gEG

"o =

Make the variable change g — k‘lg(k")_l to obtain

"= 2 1 2 U wg)n(E)

k, k’eK gEG

Now we may drop the summation over k' since u € V¥, and interchanging the
summation write this as

|K|Z > vl |Z

kzeK geG keK

Since m(¢)u = v, this equals ﬁZkeK m(k~Y)v and since v € V& this equals v.
Thus v € Hu and Hu = V. This proves (i).
To prove (ii), suppose that VX and W are isomorphic as Hx-modules, with
V and W irreducible G-modules. Let A : VX — WX be an isomorphism. Pick a
nonzero linear functional [ : WX — C. By the Lemma there exist o € VE and
W € WE such that {(A(v)) = (v, 0) for v e VE and (w,w) = l(w) for w € WE.
Since A is an H g-module homomorphism, if ¢ € Hx we have, for v € V&

(@A), 0) = (A (7(P)v), ) = I(A(x(p)v)) = (7 ()v, D) - (4)

Since [ is nonzero we may pick wy € W% such that (wg,w) = I(wg) # 0. Since A is
an isomorphism, there exists vy € VX such that A(vg) = wy. Then (4) implies that

{o(@)wo, w) = (m()vo, D) (5)



for ¢ € Hi. Now we claim that (5) is true for all ¢ € H. Indeed, if ¢ € H, we
project it into H by defining

> dlkgk').

ki €K

Clearly ¢ € Hg. On the other hand

kK €K

. 1 ) X
{o(Pr)wo, w) = EE < Z o(k)o(¢)o(k )w07w> =
1

T 2 (o(@o()we, 6k ) = (o()wo, i)

kK €K

since wy € WX and @ € WX. Similarly (m(¢x)vo, ) = (mw(¢)vg, ), and so (5) for
i € Hy implies (5) for ¢ € H.
Now let g € G. Take ¢ = ¢, where

Gl ifx =g,
Pq(r) = { 0  otherwise.

Then 7(¢,) = 7(g), and so (5) implies that

(o(g)wo, W) = (m(g)vo,?) .

We see that the representations m and ¢ have a matrix coefficient in common, and
it follows from Proposition 2 that the two representations are isomorphic. O

Let G be a finite group, H a subgroup and (m, V') a representation of H. We will
define V¢ to be the vector space of all functions f : G — V such that f(hx) =
mw(h)f(x) when h € H and = € G. Define, for g € G

(7%(9)f)(z) = f(zg).

Thus g acts on V& by right translation. The representation (7%, V%) is the induced
representation.

Exercise 1 Check that if f € V& and g € G then 7%(g)f € V¥. Also check that

7TG(9192) = WG(gl)WG(gz),

so that (7%, V) is a representation of G.



Theorem 3 (Frobenius reciprocity) Let (m, V') be a representation of H and let
(o, W) be a representation of G. We have a vector space isomorphism

Homg(W, V) = Hompy (W, V).

In this isomorphism the G-module homomorphism ® : W — V& corresponds to the
H-module homomorphism ¢ : W — V| where we may express ® in terms of ¢ and
¢ in terms of ® by the following formulae.

¢(w) = d(w)(1),  (w)(g) = dlo(g)w).

Proof We first check that if ® : W — V¢ is a G-module homomorphism, then
o(w) = ®(w)(1) defines an H-module homomorphism. Indeed, we have, for h € H

o(o(hjw) = (o (h)w)(1) = (7%(h)®(w))(1) = P(w)(1-h) = D(w)(h-1) = 7(h)P(w)(1),

where we have used the definition of ¢, the assumption that ® is a G-module homo-
morphism, the definition of ®, the identity 1-h = h - 1, and the assumption that
®(w) € VY. This equals w(h)p(w), so ¢ is an H-module homomorphism.

We leave the reader to complete the proof (Exercise 2). d

Exercise 2 Complete the above proof as follows.

(a) Show that if ¢ : W — V' is an H-module homomorphism then ®(w)(g) = ¢(o(g)w)
defines an element of V&, and that ® : W — V¢ is a G-module homomorphism.

(b) Show that the two constructions ¢ — ® and ® — ¢ are inverse maps between
Homg (W, V) and Hompg (W, V).

Let us explain why this Theorem 3 is called Frobenius reciprocity. Frobenius
considered characters before representation theory was properly understood. For
him, induction was an operation on characters that was adjoint to restriction. If H
is a subgroup of G and Y is a character of H then the induced character ¢ of G is
characterized by the adjointness property

<XG7 9>G = <X7 9>H

where (, ), is the inner product on L*(G). It follows from the following statement
that the induced character x© is the character of V©.

Proposition 3 Let G be a finite group, (w,V) and (o,W) two representations. Let
X and X, be their characters. Then

<X7r7 XO')G = dim Hom(C[G}(‘/, W)

10



Proof Both sides are bilinear in the sense that if 7 = m @ my for representa-
tions (7, Vi) then (Xx, Xo) = (Xorys Xo) + (Xas Xo) and Hom(V, W) = Hom(Vy, W) @
Hom(V,, W), and similarly for W. Hence we are reduced to the case where m and o
are irreducible. Then

1 iftv=w

by Schur orthogonality of characters and Schur’s Lemma. O

Mackey theory asks the following question: if H; and H, are subgroups of G and
Vi and V; are modules for H; and H, respectively, then what is Homg(V,%, V,F)?

Mackey theory answers this and related questions. For simplicity, we will limit
ourselves to the special case where V; and V5 are one-dimensional, which makes for
a minor simplification, and is already enough for some important examples.

We recall that H is the space of all functions on G. As we explained earlier, it
is a ring under convolution, isomorphic to the group algebra. We recall the right
regular representation p : G — End(H) is the action (p(g)f)(x) = f(zg).

Lemma 4 LetT : H — H be a linear transformation that commutes with p(g); that
is, T(p(9)f) = p(9)T(f). Then there exists a unique X € H such that T(f) = A* f.

Proof Define 6y(g) = |G| if g = 1, and 0 if ¢ # 1. Then Jy is the unit in the
convolution ring H, that is, §g * f = fxdy = f for all f € H. If X exists such that
T(f) = A f for all f, then A = A *dy = T'(dp). Hence it is unique, and it remains
to be shown that A = T'(dy) works. We claim that if f € H then

=Gl S (6)
geG
Indeed, applying the right-hand side to z € G gives
fg (z) f(9)do(xg™
1G] ZG “lal ZG ’

Only one term contributes, which is ¢ = z, and that term equals f(z). This
proves (6).
Now applying T to (6) gives

Zf g7")d0) —mzf T (50) = ’G‘Zf

9EG geqG geqG

11



Thus
Tf(z) = é S (olg N (@) (g) = ﬁ S Mag () = (% 1)@

g

If H is a group, a one-dimensional representation is basically the same thing as
a linear character, that is, a homomorphism ¢ : H — C*. That is, if (7, V) is
a representation of H and dim(V') = 1 then there is a linear character ¢ such that
m(g)v = P(g)v for all g € G. We will sometimes write ¢ instead of V¢ for the
induced representation. Identifying V' = C this is the representation of G' on the
space of functions f : G — C such that f(hg) = ¥(h)f(g) for h € H. The action of
G is by right translation, that is, from the right regular representation p acting on

functions by p(g)f(z) = f(xg).

Theorem 4 (Geometric form of Mackey’s Theorem) Let Hy, Hy be subgroups
of the finite group G, and let 1; be a linear character of H;. Let A € Homg (¢, 9§).
Then there exists a function A : G — C such that

A(haghy) = a(ha) A(g)i1(ha), h; € H, (7)

and Af = A x f for all f € ¥. The map A — A is a vector space isomorphism of
Homg (¢, %S with the space of all functions satisfying (7).

Proof Given A satisfying (7), it is straightforward to check that A x f € ¥
for any f € H. In particular, this is true if f € ¥%. Moreover, left convolution
commutes with right translation, so p(g)(A * f) = A x p(g)f. This means that the
map Af = A * f is an intertwining operator in Homg (¢, 95).

Let us consider, conversely, how to start with A and produce A. Let 151 :G—C

be the function
G .
balg) = L Timivale) g€ .
0 otherwise.
Thus for any function f we have

(g f Z Yi(h

hGH

It is easy to check that the map p : H — H defined by p(f) = U * f is a projection
with image 1¢. This means that p? = p, for any f € H we have p(f) € ¥ and that
p(f) = fif f € ¥, We define T : H — H to be A op.

12



Then since A is a G-module homomorphism, we have Aop(g) = p(g)oA. It is also
true that p(g) o p = po p(g) since p is left convolution with 11, and left convolution
commutes with right translation. Therefore T" satisfies T o p(g) = p(g) o T. By
Lemma 4 we have T'f = A x f for some unique A. Let us check that A has the
property (7). This can be separated into two statements,

A(ghy) = Alg)r(ha), hy € Hy, (8)
and

A(hag) = ¥2(h2)A(g), hy € H,. (9)
For (8) we note that if f € H we have

Axipyx f=T(p(f) = AP*(f)) = Ap(f)) = A= f.

Since this is true for every f, we have A = A % ¢;. Since 14 (ghy) = U (9)11(hy) for
g € G and hy € Hy, we obtain (8). We leave (9) to the reader, with the hint that it
follows from the fact that the image of T is contained in ¥§.

We leave the reader to check that the two maps A — A and A — A described
above are inverses of each other. U

Exercise 3 Fill out the details in the proof of Theorem 4.

Exercise 4 Let G be a finite group and V, W vector spaces. Let C(G, V) be the space of
maps G — V. There is a representation py : G — End(C(G, V')) by right translation:

(ov(9)f)(x) = f(xzg), g,x€G, feC(G,V).

Let T': C(G,V) — C(G,W) be a linear map that commutes with this action, i.e.

T(pv(9)f) = pw(9T(f), ge€G,feC(G,)V).

Prove that there is a map A : G — Hom(V, W) such that T(f) = X % f, where the

convolution is 1

(A= D) =1 > Mg f(g ). (10)

geG

Exercise 5 In Theorem 4 we assumed that the two modules were one-dimensional. This
exercise removes that restriction. Let G be a finite group, H; and Hy subgroups and (m;, V;)
an H;-module for i = 1,2. Let A € Homg(V®, Vi¥). Prove that there exists a function
A : G — Homc(V1, V2) such that

A(hgghl) :WQ(hQ)OA(g)OTFl(hl), h; € H;, (11)

13



and Af = A x f for all f € V¢, with the convolution defined by (10). The map A — A
is a vector space isomorphism of Homg (V,¥, Vi) with the space of all functions satisfying
(11). Hint: Use Exercise 4 in place of Lemma 4.

A G-module homomorphism is sometimes called an intertwining operator. We
see that intertwining operators between induced representations are obtained by con-
volution with functions A such as in the geometric form of Mackey’s theorem. This
geometric interpretation of intertwining operators is one reason for the remarkable
usefulness of Mackey’s theorem.

Now let Hy, Hy, H3 three subgroups, with linear characters 1; of H;. Let A €
Homg(¢¢,4§) and A’ € Homg(v$,v§). Let A and A’ be the functions on G
corresponding to these two intertwining operators by Mackey theory. Since A is
convolution with A and A’ is convolution with A’ we see that A’o A € Homg (¢, 45)
is convolution with A’ x A.

A special case is when H; = Hy = H3 = H. If 1) is a linear character of H we will
write ¢ for the corresponding induced representation, suppressing the underlying
one-dimensional vector space.

Proposition 4 Let H be a subgroup of G and let 1) be a linear character of H. Then
the ring Endg (%) is isomorphic as a ring to the convolution ring Hy, which is the
space of functions A : G — C such that A(hgh') = ¥ (h)A(g)Y (k') when h,h' € H.

This is a Hecke algebra in the sense that we have already considered when ¢ = 1.
Proof This is clear from the above discussion. U

A representation of G is called multiplicity free if it is a direct sum of nonisomor-
phic irreducible representations, each appearing at most once.

Proposition 5 Let H be a subgroup of G and let 1) be a linear character of H. The
following conditions are equivalent:

(i) The induced representation Y is multiplicity free;

(i1) For every irreducible representation m of G, w|y contains at most one invari-
ant subspace isomorphic to 1,

(1it) The Hecke algebra H, is commutative.

Proof The equivalence if (ii) and (iii) is clear from Frobenius reciprocity. We show
that (i) is equivalent to (iii). Indeed, H, = Endg(¢“), so we consider when this
is commutative. Write & = P d;m; as a direct sum of distinct irreducibles with
multiplicities. Then Endg(¢¢) = @ Mat(d;, C). This is commutative if and only if
all d; < 1. O
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If H C G is such that 1% is multiplity-free then H is called a Gelfand subgroup.
We see that a necessary and sufficient condition is that the Hecke algebra Hpy be
commutative. We now discuss Gelfand’s method for proving such commutativity.

By involution of a group G we will mean a map ¢ : G — G of order 2 that is
anticommutative:

“(9192) = ‘92 "1

Similarly an involution of a ring R is an additive map of order 2 that is anticommu-
tative for the ring multiplication.

Theorem 5 Let H be a subgroup of the finite group G, and suppose that G admits an
involution fizing H, such that every double coset of H is invariant: HgH = H'gH .
Then H is a Gelfand subgroup.

Proof The ring Hy is just the convolution ring of H-bi-invariant functions on G.
We have an involution on this ring:

It is easy to check that
L(Al * Ag) =* AQ x* Al-

On the other hand, each A is constant on each double coset, and these are invariant
under ¢ by hypothesis. So ¢ is the identity map. This proves that H is commutative,
so (G, H) is a Gelfand pair. d

Here is an example of Gelfand’s method. Let S, denote the symmetric group.
We can embed S,, X S,, — S,1m by letting S, act on the first n elements of the set
{1,2,3, -+ ,n+m}, and letting S, act on the last m elements.

Proposition 6 The subgroup S, X S,, is a Gelfand subgroup of Sypim.

Proof Let H =S5, x S5, and G = S,,1,,,. We take the involution ¢ in Theorem 5 to
be the inverse map g — ¢~. We must check that each double coset is t-stable.

It will be convenient to represent elements of S,,1,, by permutation matrices. We
will show that each double coset HgH has a representative of the form

I, 0 0 0
0 Oy O I,
0 0 Ippsr O
0 I, 0 0O,

(12)
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Here I,, and 0,, are the n xn identity and zero matrices, and the remaining 0 matrices

are rectangular blocks.
A B
C D

We write g in block form:
where A, B, C' and D are matrices with only 1’s and 0’s, and with at most one
nonzero entry in each row and column. Here A is n x n and D is m x m. Let r be
the rank of A. Then clearly B and C' both must have rank n —r, and so D has rank
m-—n-+r.

Multiplying A on the left by an element of S,, we may arrange its rows so that its
nonzero entries lie in the first » rows, then multiplying on the right by an element of
S, we may put these in the upper left corner. Similarly we may arrange it so that
D has its nonzero entries in the upper left corner. Now the form of the matrix is

7. 0 0 0
0 Opr 0 Unps
0 0 Viwwr O

0 Wooo 0 0.,

where the sizes of the square blocks are indicated by subscripts. The matrices T, U,
V and W are permutation matrices. Left multiplication by element of S, x S,,_, X
Sm—nar X Sn_r can now replace these four matrices by identity matrices. This proves
that (12) is a complete set of double coset representatives.

Since these double coset representatives are all invariant under the involution, by
Theorem 5 it follows that .S, x S,, is a Gelfand subgroup. O

3 Proof of Theorem 1

If G is totally disconnected and locally compact, then its topology has a basis of
neighborhoods of the identity consisting of open and compact subgroups.

Proposition 7 Let K be a compact totally disconnected group. Then K has a neigh-
borhood basis at the identity consisting of open and compact subgroups which are
normal in K.

Proof If K’ is an open subgroup of K then K’ has an open subgroup K” that is
normal in K. Indeed, K’ has only finitely many conjugates since it is of finite index,
and we may take K” to be the intersection of these. Now given any neighborhood
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base consisting of open subgroups, we may replace each by a smaller open subgroup
which is normal in K, and obtain another neighborhood base. O

Proposition 8 Let K be a totally disconnected compact group and p : K — GL(V)
a finite-dimensional complex representation. Then K has a normal subgroup K' of
finite index such that K' C ker(p). Therefore p is actually a representation of the
finite group K/K'.

Proof Let Q2 be an open neighborhood of the identity in GL(V') that does not contain
any subgroup of GL(V). Then p~!(€) is an open neighborhood of the identity in
K. Since K is totally disconnected and compact, it has a neighborhood base at
the identity consisting of compact open normal subgroups. Therefore there is some
compact open normal subgroup K’ of K contained in p~!(Q2). Since p(K') C Q we
have K’ C ker(p). The quotient K /K’ is finite since K is compact and K’ open. O

Let G be a totally disconnected locally compact group and K° a compact open
subgroup, which we may take to be maximal. Let (7, V') be a smooth representation.
We have already defined V' to be admissible if V¥ is finite-dimensional for every
compact open subgroup K, but there is another way of thinking of this. If p is any
irreducible representation of K, then the Peter-Weyl theorem guarantees that p is
finite-dimensional, that is, one of the representations in Proposition 8. Let V), be the
p-isotypic subspace, that is, the direct sum of all K°-invariant subspaces of V' that
are isomorphic to p as K°-modules.

Proposition 9 Let (7, V') be a smooth representation of G. Then

V= @ V, (algebraic direct sum)
p

where p runs through the finite-dimensional irreducible representations of K°. The
representation V is admissible if and only if every V), is finite-dimensional.

Proof Since V is smooth, every vector v € V is invariant under some open subgroup
K, which may be assumed normal by Proposition 7. Now there are a finite number
of irreducible representations that factor through the finite group K°/K, and one of
these, say p, has finite multiplicity in V' if and only if V), is finite-dimensional. O

Now let us consider the contragredient of an admissible representation. A linear
functional L on V is called smooth if there exists an open subgroup K of G such
that L(rw(k)v) = L(v) for all v € V and k € K. Let V be the space of smooth linear
functionals. Also, let Vp be the dual space of the finite dimensional vector space V.
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Proposition 10 Assume that V is admissible. Then

V= EB v, (algebraic direct sum,).
P

Proof If ¥ is a smooth linear functional, then v is invariant under an open subgroup
K that is normal in K°. This means that ¢ annihilates V,, for all p that do not factor
through K°/K. Therefore v lies in the finite direct sum of those Vp that do factor
through K°/K, and so lies in the algebraic direct sum P, vV, O

IfveVandde V, we will write (v,d) instead of d(v). We have a representa-
tion # on V defined by (v,7(g)) = (m(¢')v,0). Then (7,V) is the contragredient
representation.

Proposition 11 If (7w, V) is an admissible representation then so is (7, V), and
is isomorphic to the contragredient of 7.

Proof This follows immediately from Propositions 9 and 10, because each V), is
finite dimensional, and so therefore is V,, and V, is the dual space of V, . Il

Let H be the space of all locally constant compactly supported functions on G.
It is easy to see that a compactly supported function is locally constant if and only
if it is constant on the cosets some open subgroup K. Therefore

H=|JHx

where K runs through the open compact subgroups of G; we may choose any cofinal
family of subsets, for example the normal open subgroups of K° for some fixed
maximal compact subgroup K°.

Although H is a ring under convolution, it does not have a unit. Rather it is an
idempotented algebra, which is a ring with a family of idempotents that substitutes
for the unit. Let us explain this point.

If R is a ring and e an idempotent, then eRe is a 2-sided ideal in which e serves
as a unit. Let R be a ring and let E be a set of idempotents on R. We may define a
partial order on E by writing e > f if f € eRe. We assume that F is a directed set
with this order and that

R = U eRe.

ecE

Then we call R an idempotented ring. It is clear that H is an idempotented algebra,
and we give another example in the following exercises.
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Exercise 6 Let G be a compact group, and let (7, V') be a finite-dimensional irreducible
representation. Recall that a matriz coefficient of 7 is a function of the form g — (7 (g)v, v)
with v € V and © € V. Prove Schur orthogonality for matrix coefficients in the form

. _ N 1
/G (m(g)v, o) {m (g7 ") w, ) dg = Tm(V)

(v, @) (w, ),

where Haar measure is normalized so that G has total volume 1.
Hint: With ¢, w fixed define amap T :V — V by

T(x) = /G (n(g), 0) w(g~ Y dg.

Show that T'(7(g)z) = 7(g)T(x) and deduce that there is some scalar ¢ such that

[ (w01, 0)wlg ™ wdg = e(w. i)z
G

for all v € V. The integral is c¢(w, ?) (v,w). But it is also ¢(v, @) (w,v). Thus c(w,d) =
¢ {w, 0) for some constant c. To evaluate ¢, let v1,--- ,v4 be a basis of V and let 01, - , 04
be the dual basis of V. Note that the trace of 7(g) is 33, (m(g)vi, i), and compute
Jotr(g) tr(g™t) dg in two different ways.

Exercise 7 Let R, be the space of matrix coefficients of an irreducible representation
(m,V) of the compact group G and let d = dim(V). We have a bilinear maps V x V —
Endc(V) and V x V — R as follows. The first map sends v ® ¢ to the rank one linear
transformation f, ; € End(V') and the second maps v ® v to the matrix coefficient ¢, ;(g),
where

fv,f}(x) = <$7 {)> v, ¢v7{;(g) = <7T(g)U, zA}> :

Show that

1 . 1 .
fv,@ © fw,uA) = 8 (w, U> fv,u% ¢w,11) * ¢v,ﬁ = 8 <w7 U> gbv,u%

Conclude that R is isomorphic to the opposite ring of End(V).

Exercise 8 Let G be any compact group. Let f € C(G). Show that the following are
equivalent:

(i) The space of left translates of f spans a finite-dimensional vector space.

(ii) The space of right translates of f spans a finite-dimensional vector space.

(iii) There exists a finite-dimensional representation (m, V') of G with a vector vy € V/
and a linear functional L on V such that f(g) = L(7(g)vo).

Hint: To prove (i) = (iii), we may take V to be the space of functions spanned by
left-translates of f with the action 7(g)v(z) = v(¢~'z) with vg = f and L(v) = v(1).
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Now let R be the space of functions that satisfy (i),(ii) and (iii). It is an algebra under
convolution. Show that

R = EB R (algebraic direct sum),

where 7 runs through the irreducible representations of G. Show that R is an idempotented
algebra.

If K is a compact open subgroup, let i be m times the characteristic function
of K. Then the set of such {ex} forms a directed set of idempotents and R is an
idempotented ring.

Recall that if (7, V') is a smooth representation of G and ¢ € H then

m(g)v = /G o(g)m(9)v dg.

This integral reduces to a finite sum for the following reason. We may find an open
subgroup K € VX, and we may choose K such that ¢ is constant on the cosets
~vK. Choosing representatives v, --- ,yn for the finite number of cosets such that
o(vK) # 0, the integral equals

N

vol(K) >~ é(vi)m(yi)v.

=1

We now may give the proof of Theorem 1, whose statement we recall.
Theorem 1. (i) If (,V) is an irreducible representation and VE 0, then VE is
a simple H-module.

(ii) If (w, V) and (o, W) are irreducible admissible representations and VE = WE
as Hx-modules, and VE # 0, then m and o are equivalent representations.
Proof The proof is the same as that of Theorem 2.

We prove (i). If V is irreducible and 0 # U C V¥ is a nonzero submodule, we
claim U = VE. Tt is sufficient to show Hxu = VX for a given nonzero v € Hy. Let
v € VE. Since V is irreducible, we may find v € H such that 7(v)u = v; indeed,
{m(¥)ul]yp € H} is a nonzero invariant subspace, hence all of V. Now consider
¢ =cx xth*xer € Hig. We have m(ex)u = u and 7(ex)v = v since u,v € VE. Now

m(@)u = m(ex)m(V)m(ex)u = m(ex)m(P)u = 7(ex)v = v,

proving that v € Hgu.
We prove (ii). Suppose that VE and WX are isomorphic as Hx-modules, with
V and W irreducible G-modules.
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Let A : VE — WX denote an isomorphism. Let [ : WX — C be a nonzero
linear functional and let w € WX be a vector such that I[(w) # 0. We claim that
there exists @ € WX such that I(z) = (2,%) when 2 € WX, Indeed, we extend
the functional [ to an arbitrary smooth functional wy, then take w = 6(eg), and if
x € WE then

(z.10) = ﬁ/}{(x,&(l{)wﬁ i — ﬁ/}{(a(/ﬂ)x,wl) dk = I(x).

Similarly we may find & € V¥ such that [(\(z)) = (z,0) for z € V. Let v € VX
be the unique vector such that A(v) = w. We will show that if ¢ € H then

(m(@)v,0) = (o(P)w, ) . (13)
If p € Hk, then we have

(m(@)v, 0) = I(A(m(¢)v)) = (o (P)A(v)) = l(o(P)w) = (o (P)w, D) -

The general case follows from the following consideration. Let ¢ € H and let ¢/ =
€x * ¢ x ex. Then

(m(¢")v,0) = (r(ex)m(P)m(ex)v, 0) = (w(d)m(ex)v, 7 (ek)D) = (w(P) v, D) ,

and similarly (o(¢)w,w) = (o(¢)w,w). Thus the general case of (13) follows from
the special case that is already proved.

Now let L C K be a smaller compact open subgroup. Since V¥ and W are
finite-dimensional simple Hy-modules we may apply Proposition 2 and conclude
that, then VI = W as H;-modules. This isomorphism ), is uniquely determined
up; it is determined up to scalar by Schur’s Lemma, and the scalar is determined if
we require that the isomorphism agree with A on VX C V¥, Now if L’ is another
compact open subgroup of K, then the isomorphism A; and A must agree on
VLN VLY because they agree with Ay~ on VIOL 5 VLA VY Therefore these
isomorphisms may be patched together to get an H-module isomorphism V' — W.
It is a G-module isomorphism since m(g)v = 7(¢)v agrees with m(¢p)v if ¢ is any
function supported on a sufficiently small neighborhood of v such that fG ¢ =1, s0
the action of ‘H determines the action of G on any admissible module. U

4 Root Systems and Weyl Groups

Before we can discuss more interesting Hecke algebras, we need a portion of the
theory of roots systems, and the theory of Coxeter groups. A root system and its
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Weyl group may be found in any group of Lie type. In this section, we will study

the Weyl group by its action on the roots, and finally prove that the Weyl group is a

Coxeter group. Many of the facts that we prove along the way are standard, useful

properties of Weyl groups and root systems.

Let V be a Euclidean space, that is, a real vector space with an inner product

(, ) that is symmetric and positive definite. If 0 # o« € V is a nonzero vector, then

the reflection in the hyperplane perpendicular to « is the map r, : V. — V given
" (o)
2(a,x

ro(z) =2 o0) a. (14)

By a root system we mean a nonempty finite set ® C V' of nonzero vectors such that

if @ € ® then r,(®) = ®, and such that if o, 3 € ® then 222 € Z. Note that if

a € ¢ then —a = r,(a), so the axioms imply that —a € ®. o

If a,6 € ® and a = A3 for A € R implies that A = +1, then & is called reduced.
We will mainly deal with reduced root systems.

We do not assume that V' is spanned by the roots. Let V{; be the vector subspace
spanned by ®. Then dim(V}) is called the rank of ®.

The root system is called reducible if we can write V' = Vi @ V5, an orthogonal
direct sum, such that & = &;Ud,, with &, and P, root systems in V;. The irreducible
root systems were classified by Cartan, and lie in four infinite families A,, B,, C,., D,
with five exceptional root systems Gs, Fy, Fg, E7, Es. The subscript in every case is
the rank.

If the vectors are all of the same length, then ® is called simply-laced. The
simply-laced Cartan types are A,, D, and E,. A reduced irreducible root system
that is not simply-laced always has roots of exactly two different lengths.

If V =RFand 1 <i < klet e; denote the i-th standard basis vector (0,--- ,1,---,0)
with the 1 in the i-th position.

Example 1 Let V = R"™ and let ® consist of the r(r + 1) vectors a; ; = e; — €;
with ¢ # j. For example if r = 2 then

¢ ={(1,-1,0),(0,1,-1),(1,0,-1),(-1,1,0),(0,—1,1),(—1,0,1) }.

This is the root system of Cartan type A,. As a variant, we may take V' to be the
hyperplane consisting of all x € R such that z = (z1,--+ ,2,41) and > x; = 0,
with the same root system .

Example 2 Let V = R", and let ® consist of 2r? vectors to be described. The long
roots are the vectors
te; tej, i # 7.
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The short roots are the vectors
:i:@i.

This Cartan type is called B,. In this example it is assumed that r > 2.

Example 3 Let V = R", and let ® consist of 2r? vectors to be described. The
short roots are the vectors
iei + €;, 1 7£ j

The long roots are the vectors
:i:2€i.

This Cartan type is called C... In this example it is assumed that r» > 2.
Example 4 Let V = R" and let ® consist of the 2r(r — 1) vectors

+e, + e, i # 7.
This is the Cartan type D,..

We will not describe the exceptional Cartan types, but you may get access to any
information you want about them if you are running Sage.

Let V' be a Euclidean space, ® C V' a reduced root system. Since ® is a finite
set of nonzero vectors, we may choose py € V such that («, py) # 0 for all o € ®.
Let ®* be the set of roots a such that («, pg) > 0. This consists of exactly half the
roots, since evidently a root o € ®F if and only if —a ¢ ®*. Elements of &+ are
called positive roots. Elements of set @~ = ® — & are called negative roots.

If , 3 € " and o + B € P, then evidently a + 3 € ®*. Let X be the set of
elements in T that cannot be expressed as a sum of other elements of ®*. If a € X,
then we call a a stmple positive root, and we will denote r, as s, in this case. We
will reserve the notation s, for the case where « is a simple positive root. If o € X
we call s, a simple reflection.

Proposition 12 (i) The elements of 3 are linearly independent.

(i) If « € 2 and 8 € ®F then either B = « or s4(0) € T.

(111) If o and B are distinct elements of ¥ then (o, B) < 0.

(iv) Every element o € ® can be expressed uniquely as a linear combination

a:an-ﬁ

BeX

in which each ng € Z, and either allng >0 (if € ®%) or allng <0 (if € 7).
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Proof Let X be a subset of ®* that is minimal with respect to the property that
every element of ®* is a linear combination with nonnegative coefficients of elements
of ¥. (Subsets with this property clearly exists, for example ¥’ itself.) We will
eventually show that ¥/ = 3.

First we show that if « € ¥’ and 3 € ®*, then either § = a or r,(3) € ®*. If
not, then —r,(5) € ®*, and

(8, @)
22 0 = Bt (—ra
= B ()
is a sum of two positive roots 5 and —r, (/). Both 5 and —r, () can be expressed as
linear combinations of the elements of ¥’ with nonnegative coefficients, and therefore

I

yey’

Write

(g -w)e- 3,
v #a

Because 3 # «, and because ® is assumed to be reduced, 3 is not a multiple of «.
Therefore at least one of the coefficients n., with v # «a is positive. Taking the inner
product with py shows that the coefficient on the left is strictly positive; dividing by
this positive constant, we see that & may be expressed as a linear combination of the
elements v € ¥/ distinct from «, and so @ may be omitted from Y, contradicting its
assumed minimality. This contradiction shows that r,(3) € ®7.

Next we show that if a and [ are distinct elements of ' then (a, 5) < 0. We
have already shown that r,(5) € ®*. If (o, §) > 0, then write

(8, )

(@, a)

B=r.B)+2 a. (15)

Writing 7,(0) as a linear combination with nonnegative coefficients of the elements
of >, and noting that the coefficient of a on the right side of (15) is strictly positive,

we may write
I
yex’
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where n, > 0. We rewrite this

(1—ng)- 6= Z My =7
yey!
v #B

At least one coefficient, n, > 0 on the right, so taking the take the inner product with
po we see that 1—ng > 0. Thus (3 is a linear combination with nonnegative coefficients
of other elements of ¥, hence may be omitted, contradicting the minimality of >'.

Now let us show that the elements of ¥’ are R-linearly independent. In a relation
of algebraic dependence we move all the negative coefficients to the other side of the
identity, and obtain a relation of the form

an-a:ng-ﬁ, (16)

acdy BEX,

where ¥y and X, are disjoint subsets of 3, and the coefficients ¢,, dg are all positive.
Call this vector v. We have

(v,v) = Z cads (a, 5) < 0.
a € Xq
Be X

since we have already shown that the inner products (a, §) < 0. Therefore v = 0.
Now taking the inner product of the left side in (16) with py gives

0= Z Ca <Oé,p0>,

a€d

and since («, pg) > 0, ¢, > 0, this is a contradiction. This proves the linear indepen-
dence of the elements of ¥'.

Next let us show that every element of ®* may be expressed as a linear combi-
nation of elements of X' with integer coefficients. We define a function h from ®* to
the positive real numbers as follows. If o € ®* we may write

a:an-ﬁ, ng = 0.

pex’

The coefficients ng are uniquely determined since the elements of X' are linearly
independent. We define
h(a) = g ng. (17)
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Evidently h(a) > 0. We want to show that the coefficients ng are integers. Assume
a counterexample with h(«) minimal. Evidently a ¢ 3, since if a € ¥/, then n, = 1
while all other ng = 0, so such an « has all ng € Z. Since

0< ()= ngla,f) (18)
Bex’!

it is impossible that («, 5) < 0 for all 5 € 3. Thus there exists v € ¥’ such that
(a,y) > 0. Then by what we have already proved, o/ = r,(a) € ®*, and by (14) we

see that
o = Z n;; : ﬁ?
Bex’

where

R L if 3 7 7;

8 n, — 229 if 5 = .
Since (v, a) > 0, we have
h(a') < h(a)

so by induction we have nj; € Z. Since ® is a root system, 2 (y,a) /(a,a) € Z, so
ng € Z for all B € ¥'. This is a contradiction.

Finally, let us show that ¥ = X',

If o € X, then by definition of 3, a cannot be expressed as a linear combination
with integer coefficients of other elements of ®*. Hence o cannot be omitted from
Y. Thus ¥ C ¥/,

On the other hand if o € 3, then we claim that o € . If not, then we may write
a = [+~ with 8, v € &, and # and v may both be written as linear combinations
of elements of ¥’ with positive integer coefficients, and thus h(f3), h(vy) > 1; so
h(a) = h(B) + h(y) > 1. But evidently h(a) = 1 since o € ¥'. This contradiction
shows that X' C X. O

Let W be the Weyl group generated by the simple reflections s, with a € 3. Our
goal is to show that W and the set of simple reflections form a Coxeter group. We
will show that the r, with a € ® are all conjugates of the s, with a € X..

We now introduce the important length function on W. We will give two defini-
tions, and eventually show they are the same.

If w € W, let the length [(w) be defined to be the smallest k such that w admits
a factorization w = s; - - 55 into simple reflections, or [(w) = 0 if w = 1. Let I'(w)
be the number of o € &% such that w(a) € &~. We will eventually show that the
functions [ and [’ are the same.
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Proposition 13 Let s = s, (o € ¥) be a simple reflection and let w € W. Then

l'w)+1 ifwt(a) e dF;
/ o )
Hsw) = { l'w)—1 ifwt(a) e d, (19)
" () (a) € 0+
, JU(w)+1 fw(a) € O
Hws) = { Vw) -1 ifw(a) € o (20)
Proof By Proposition 12, s(®7) is obtained from &~ by deleting —« and adding .
So (sw)™'®~ = w™!(s®7) is obtained from w~'®~ by deleting —w ' (a) and adding
w™(a). Since I'(w) is the cardinality of @ Nw™'®~, we obtain (19). To prove (20),
we note that '(ws) is the cardinality of ® N (ws)~'®~, which equals the cardinality
of (@ N (ws) 1®7) = s®dTNw 1P~ and since s®* is obtained from ®* by deleting
the element a and adjoining —«, (20) is evident. O
If w is any orthogonal linear endomorphism of V, then evidently wr,w™! is the
reflection in the hyperplane perpendicular to w(a):

wroqw = Tw(a)- (21)

We now come to the famous exchange property, which is a fundamental property of
Coxeter groups.

Proposition 14 (Exchange Property) Suppose that si,--- , s, and s are simple
reflections. Let w = s1--- s and suppose that l(ws) < l(w). Then there exists a
1 < 7 < k such that

$1S9 -+ Sp = 152+ 8-+ SkSa, (22)

where the “hat” on the right signifies the omission of s;.

Although we only prove this for Weyl groups, see Humphreys, Reflection Groups
and Cozeter Groups, Section 5.8 for general Coxeter groups.
Proof Let s = s, where a € ¥. By Proposition 13 s; - - - sg(a) € ®~. Thus there is
a minimal 1 < j < k such that sj41 - sp(a) € @, Therefore s;s;41 - sp(a) € .
Since «; is the unique element of ®* mapped into &~ by s;, we have

Sjr1 e sk(a) = ay,
and by (21) we have
(8541 Sk)Sal(si41 - 51) 7" = 5,
or
Sjt1° " SkS = SjSjt1- " Sk.
This implies (22). O
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Proposition 15 Suppose that aq,--- , oy are elements of X and let s; = s,,. Sup-
pose that I'(s18y -+ sg) < k. Then there exist 1 <1i < j < k such that

8182"'Sk’:'3182"'§i"'§j"'sk‘7 (23)

where the “hats” on the right signify omission of the elements s; and s;.

Proof Evidently there is a first j such that I'(s152---s;) < j, and (since I'(s1) = 1)
we have j > 1. Then l'(s152---sj_1) = j — 1, and by Proposition 13, we have
5152+ Sj_1(a;) € ®7. The existence of i satisfying s;---sj_1 = s1---8;---5;_15;
now follows from Proposition 14, which implies (23). O

We can now prove that the two definitions of the length function agree.

Proposition 16 If w € W then [(w) = I'(w).

Proof The inequality
' (w) < l(w)

follows from Proposition 14 because we may write w = sw; where s is a simple
reflection and [(w;) = I(w) — 1, and by induction on I(w;) we may assume that
U(wy) < Uwq), so lU'(w) <U(wy) + 1< l(wy) +1=1w).
Let us show that
I'(w) = l(w).

Indeed, let w = s;---s; be a counterexample with [(w) = k, where each s; = s,,
with o; € ¥. Thus I'(s1 - - - si) < k. Then by Proposition 15 there exist ¢ and 7 such
that

W= 818y 8; 85

This expression for w as a product of k —2 simple reflections contradicts our assump-
tion that [(w) = k. O

Proposition 17 The function w — (—1)"") is a character of W.

Proof A reflection, as an endomorphism of V', has eigenvalue —1 with multiplicity
1 and eigenvalue 1 with multiplicity dim(V') — 1. Therefore det(r,) = —1 for every

reflection. In particular, det(s,) = —1 for every simple reflection. Writing w € W
as a product of [(w) simple reflections, we see that det(w) = (—1)"*), and so this is
a character. U

Proposition 18 If w(®") = & then w = 1.
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Proof If w(®*) = ®&*, then I'(w) =0, so [(w) = 0, that is, w = 1. O

Proposition 19 If o € @, there exists an element w € W such that w(a) € 3.

Proof First assume that & € ®*. We will argue by induction on h(«a), which is
defined by (17). In view of Proposition 12 (iv), we know that h(«) is a positive
integer, and if & ¢ ¥ (which we may as well assume) then h(a) > 1. As in the
proof of Proposition 12, (18) implies that (a, 3) > 0 for some § € ¥, and then with
o' = sg(a) we have h(c/) < h(«). On the other hand o/ € &7 since a # 3, by
Proposition 12 (ii). By our inductive hypothesis, w'(«/) € 3 for some w’ € W. Then
w(a) = w'(a’) with w = w'sg € W. This shows that if & € ®* then there exists
w € W such that w(a) € X.

If on the other hand o € ®~, then —a € ®* so we may find w; € W such that
wi(—a) € X, so if wy(—a) = f, then w(a) = B with w = sgwy.

In both cases w(a) € X for some w € W. O

Proposition 20 The group W contains r, for every a € ®.

Proof Indeed, w(a) € 3 for some w € W, 50 7y € W, and r, is conjugate in W
t0 Sw(a) by (21). Therefore r, € W. O

Proposition 21 The group W is finite.

Proof By Proposition 18, w € W is determined by w(®*) C ®. Since ® is finite,
W is finite. O

Proposition 22 Suppose that w € W such that l(w) = k. Write w = sq--- Sk,
where s; = 5q4,;, a1, , 04 € 2. Then

{Oé S (I)+|’UJ(OA) & (I)i} = {Oék, Sk(Oékfl), Sksk,l(ozk,2), e SESEp—1 52(041)}.

Proof By Proposition 16, the cardinality of {a € ®T|w(a) € @~} is k, so the result
will be established if we show that the described elements are distinct and in the set.
Let w = sjw; where wy = sy - - - sk, so that {(w;) = I(w) — 1. By induction we have

{a € T wi(a) € D7} = {ak, si(ar-1), sksk—1(r—2), -, susk—1 - s3(a2)},
and the elements on the right are distinct. We claim that

{a € dT|wi(a) € D7} C {a € &F|sywyi(a) € 7} (24)
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If not, let a € ®* such that wi(a) € &~ while syw;(a) € ®*. Let f = —w;(a).
Then § € ®* while s;(5) € . By Proposition 12 (ii), this implies that 5 = «;.
Therefore o = —w; ' (). By Proposition 13, since I(sjw;) = k = [(w) + 1, we have
—a = w; *(ay) € ®*. This contradiction proves (24).

We will be done if we show that the last remaining element sy ---ss(aq) is in
{a € F|sywi(a) € &7} but not {a € &F|wy(a) € ~}, since that will guarantee
that it is distinct from the other elements listed. This is clear since if @ = sy, - - - s9(aq),
we have wy(a) = a; ¢ &, while 5wy (a) = —a; € ¢~ O

Our goal is to show that W is a Coxeter group with I = {s,]a € £}. We will
work with a larger (usually infinite) group B, the braid group. If o, 8 € ¥, let n(«, 3)
be the order of s,s3. Then B is the group with generators u, and braid relations

UaUgUaUg * * + = UsUUBUy " * *

where there are m(«, 3) factors on each side. (This differs from W since it is not
true that u2 = 1.)

The braid relations are satisfied in W so there exists a homomorphism B — W
in which u, — s,. Let G be the group generated by elements t, subject to the braid
relations

tatgtats- - = tatalsta - -

and also the relations t? = 1. Thus we have homomorphisms B — G — W such
that u, — t, — s,. We want to show that the last homomorphism G — W is
an isomorphism, which will show that W satisfies the definition of a Coxeter group.

Proposition 23 (Tits) Let w € W such that [(w) = k. Let sy---s, = s} --- s},
be two decompositions of w into products of simple reflections, where s; = s,, and
s; = sg,, for simple roots o; and (3. Let u; = u,, and u, = ug, be the corresponding
elements of B, and let t; = t, and t, = tg, be the corresponding elements of G. Then
Ulukzullufk andtl---tk:t’l---t;.

Proof The proof is identical for the braid group and the Coxeter group. We prove
this for the braid group.

Let us assume that we have a counterexample of shortest length. Thus (s - - s;) =
k and

Sy Sp=8y-8, but wy-o-ugp Fupcu. (25)
We will show that

S983 - SpSy = S1-++S; but UgUs - U, F Uy Up. 26
k k
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Before we prove this let us explain how it implies the Proposition. The W element
in (26) is w and thus has length &, so we may repeat the process, obtaining

$384 - SkSESk = S283 ¢+ SkS) DUt Usuy - - URURUL F UgUsz - UK.
Repeating the process, we eventually obtain
S SESESKE = ¢ SpSESKS,  but - upupulug # - upug U, (27)

Moving all the s’s on the left together (s,s)® = 1, so k is a multiple of n(s, s}).
Now (27) contradicts the braid relation.

It remains to prove (26). Note that ws) = s}---s,_; has length £ — 1, so by
Proposition 13 we have w(f;) € ®~. Now by Proposition 14, we have

31"‘3k231"'§i"'5k3;€ (28)

for some 1 < i < k, where the hat denotes an omitted element. Using (25)

~

/ !/
Sl...si...skzsl...sk_:U

and this element of W has length k& — 1. (If it had shorter length, multiplying on the
right by s, would contradict the assumption that I(w) = k). By the minimality of
the counterexample, we have

~

We now claim that ¢ = 1. Suppose ¢ > 1. Cancel sy ---s;_; in (28) to obtain
Si"'sk:3i+1“'3k3;€

and since ¢ > 1, this has length k—i+1 < k. By the minimality of the counterexample
(25) we have
Uj -~ - - Uk = Uz’+1"'ukU§€.
We can multiply this identity on the left by wj - - wu;_1, then use (29) to obtain a
contradiction to (25). This proves that ¢ = 1.
Now (28) proves the first part of (26). As for the second part, suppose us - - - ug_ju), =

uy - - - ug. Then multiplying (29) on the right by u), gives a contradiction to (25) and
(26) is proved. O

Theorem 6 Let W be the Weyl group of the root system ®, and let I be the set of
simple reflections in W. Then (W, I) is a Cozeter group.
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Proof We have to show that the homomorphism G — W is injective. Suppose
that ¢, ---%, is in the kernel, where ¢; = t,, for simple roots a;. We will denote
S; = Sa;. We have s;---s, =1, and we will show that ¢;---¢, = 1.

It follows from Proposition 17 that n is even. Let n = 2r. Letting s} = s,
sh = 8,1, etc. and similarly ¢, = ¢, 7, , when 1 <4 < r we have

/

51"'87'25/1"'87-

and we want to show that ¢, ---¢, =t} ---t/. Suppose not; then

by oty £t -t (30)

We assume this counterexample minimizes r. By Proposition 23, we already have a
contradiction unless (s - - - s,) < r. It follows from Proposition 15 that

81...5\1...%..-871:51...871:Sll...s’/r (31)

for some ¢ and j. Moving s/ to the other side,

S1v 8i By spsl =8, sy,
and by the minimality of » we therefore have
tl"'??z'"'fj"'trt;:t/l"'t;«,p SO ty oottty =ttt
It follows from (30) that
tl"'??i"'fj"'tr%tl"'tr- (32)

Now comparing (31) and (32) we have

~
~ A

Spvvt8i 88,8, =81 S,y but tl"'fv;"'tj"'trtr75251"'?57«—1,

where there are r — 1 terms on both sides, again contradicting the minimality of r.
g

A connected component of the complement of the union of the hyperplanes
{z € V|{z,a) = 0 for all o € O}.

is called an open Weyl chamber. The closure of an open Weyl chamber is called
a Weyl chamber. For example C; = {z € V|(z,a) > Oforalla € ¥} is called the
positive Weyl chamber. Since every element of ®* is a linear combination of elements
of C with positive coefficients, C; = {z € V| (z,a) > Oforalla € ®*}. The interior

C; ={zxeV|{z,a) > 0foralla € B} = {z € V| (z,a) > Oforalla € 7}
is an open Weyl chamber.

If y € V let W(y) be the stabilizer {w € Wlw(y) = y}.
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Proposition 24 Suppose that w € W such that l(w) = k. Write w = s1--- sy,
where s; = 54,, a1, , 0 € X. Assume that x € Cy such that wx € C4 also.

(i) We have (z,a;) =0 for 1 <i< k.

(it) Each s; € W(x).

(111) We have w(x) = x.

Proof If o € &t and wa € &~ then we have (x,«) = 0. Indeed, (z,a) > 0 since
a € dt and z € Cy, and (x,a) = (wx,wa) < 0 since wx € C, and wa € P~

The elements of {a € ®F|wa € &~} are listed in Proposition 22. Since «y is in
this set, we have s,(z) = = — (2(x, ax) / (o, ax))ax = x. Thus s, € W(x). Now
since sg(ag-1) € {a € ®T|wa € ¢}, we have 0 = (z, sp(ag-1)) = (sk(x), ap_1) =
(x,ag_1), which implies sx_1(z) = x — 2 (x,ap_1) / (g1, ax_1) = x. Proceeding in
this way we prove (i) and (ii) simultaneously. Of course (ii) implies (iii). O

Theorem 7 The set Cy is a fundamental domain for the action of W on V. More
precisely, let x € V.

(i) There exists w € W such that w(zx) € Cy.

(ii) If w,w" € W and w(z) € C;,w'(z) € C3 then w = w'.

(111) If w,w" € W and w(z) € Cy,w'(z) € Cx then w(z) = w'(x).

Proof Let w € W be chosen so that the cardinality of S = {a € ®*| (w(x), a) < 0}
is as small as possible. We claim that S is empty. If not, then there exists an element
of 5 € ¥NS. We have (w(zx), —3) > 0, and since sz preserves &+ except for 3, which
it maps to —f, the set S’ = {a € ®F| (w(x), sg(a)) < 0} is smaller than S by one.
Since S’ = {a € T (spw(x), @) < 0} this contradicts the minimality of |S|. Clearly
w(z) € Cy. This proves (i).

We prove (ii). We may assume that w' = 1, so # € CS. Since (z,a) > 0 for all
a € Pt we have &+ = {a € | (z,a) > 0} = {a € ®| (x,a) > 0}. Since w'(z) € Cy,
if « € & we have (w™(a),z) = (0, w(z)) = 0 so w!(a) € d*. By Proposition 18
this implies that w™! = 1, whence (ii).

Part (iii) follows from Proposition 24 (iii). 0

5 Dynkin Diagrams and Coxeter Groups

It is worth knowing that we can read off the Coxeter group presentation of the Weyl
group from the Dynkin diagram.

The Dynkin diagram has vertices in bijection with the simple roots. The following
labeling convention is used: two vertices ¢ and j are linked with an edge if the
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corresponding simple roots «; and «; are not orthogonal. If these make an angle of
27/3, then i and j are linked with an edge, which is drawn as a single bond. In this
case the roots a; and «; have the same length. If they make an angle of 37/4, the
edge is drawn with a double bond and an arrow from the long root to the short root.
This arises with the Cartan types B,,C, and Fj. Finally (for G3) if they make an
angle of 57 /6, the edge is drawn with a triple bond and an arrow from the long root
to the short root.

As to the labeling of the nodes, there are two conventions, Dynkin’s and Bour-
baki’s. The Bourbaki conventions are used by most authors, an important exception
being Kac’ book Infinite-dimensional Lie algebras, which follows Dynkin. The Ap-
pendices at the end of Bourbaki’s Groupes et AlgANbres de Lie Ch 4,5,6 give the
conventions. Sage follows Bourbaki’s convention.

P & & s Y Type As
Qaq Qa9 a3 g Qs Type B5
*——— — 06— &6——0
Qaq Qa9 a3 (07 Qs Type 05
*———0 — 0 —&6—<—»0
€%
«Q «Q Q (07
e Type Dg
Qg

Table 1: The Dynkin diagrams of the classical Cartan types.

From the Dynkin diagram we can view the braid relations for the Coxeter group
presentation of the Weyl group. If 7 and j are not joined by an edge, then s; and s;
commute. If i and j are joined by a single edge, then (s;s;)® =1, or s;s;8; = $;8;8;,
which is Artin’s braid relation. If they are joined by an double edge, then (s;s;)* = 1,
and if they are joined by a triple edge, then (s;s;)® = 1.
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s Type Gs
PO BN R Type F}
Q2
Type Eg
[e%1 a3 Oy s (675
(&%)
I Type E7
. . ° ° °
aq a3 Oy a5 (e73 (%4
(€5)
I Type Eg
[ ° ° ° )
aq Qa3 Qy Qs (o7 a7 ag

Table 2: The Dynkin diagrams of the exceptional Cartan types.

6 Root Systems in GL,,; and other algebraic groups

We wish to show how root systems arise in practice. Let us start with the case of
G — GLT+1.

A Lie algebra g is a vector space over a field F' with a bracket operation X, Y ——
[X, Y] that is bilinear, skew-symmetric and satisfies the Jacobi identity

[Xv [Ya Z” + [Y7 [Z>X]] + [Z> [X’ YH = 0.

As an example, if A is any associative algebra then A has a Lie group structure with
the bracket operation [z, y] = zy — yz for z,y € A. We will denote this Lie algebra
as Lie(A). In particular, if A = End(V') where V' is a finite-dimensional vector space,
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then we will denote this Lie algebra as gl(V'). Equivalently, if A = Mat, (F') for
F' any field, we will use the notation gl ;(F) for Lie(A). These notations will be
justified when we show that gl is Lie algebra is the Lie algebra of GL, ..

A representation of g is a linear map p : g — End(V') where V' is a vector space
is a map that satisfies p([X,Y]) = p(X)p(Y) — p(Y)p(X). In other words,

p([X,Y]) = [p(X), p(Y)] (33)

where the second bracket operation is in gl(V').
As an example, we have a representation ad : g — gl(g), the so-called adjoint
representation, defined by

ad(X)Y = [X,Y].

Then (33) follows from the Jacobi identity.

The adjoint representation of GL,; which we have described is a special case of
a more general situation. In general, if G is an algebraic group over a field F' and
if g is the tangent space at the identity, then g has a Lie algebra structure. As a
particular case, suppose that G = GL(V'). Then G is a Zariski-open subset of the
vector space End(V), so the tangent space to G at the identity may be identified
with the ambient space End(V'). It may be shown that Lie algebra structure we
obtain on End(V') this way is the same as that described above, so gl(V') is indeed
the Lie algebra of GL(V).

Suppose that p : G — GL(V) is a homomorphism. Then there is induced a map
of tangent spaces at the identity, which is a Lie algebra homomorphism dp : g —
gl(V).

As a special case, G acts on itself by conjugation, fixing the identity, and so there
is a representation Ad : G(F') — GL(g). If p = Ad then dp = ad.

Restricting ourselves to GL,,; has the advantage that we may see features of the
general situation without developing very much machinery. So we will look at this
example first.

Let T be the diagonal torus consisting of diagonal entries in G. Let B be the
Borel subgroup of upper triangular elements. We write B = TU where U is the group
of upper triangular unipotent matrices. These are algebraic groups. We will write
B(E), T(FE) or U(FE) for the group of elements with entries in F, when E is any field
(or commutative algebra) containing F'. We have

* k... % 1

*
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Now if 1 <4,j <r+1let E;; be the matrix having 1 in the ¢, j position and 0’s
elsewhere. The E; ; form a basis of g.

Let X*(T) be the group of rational characters of T. These are the homomor-
phisms

21 r+1
_ . )\_ )\1‘ . r—+1
z = . — 2 =]]2" A= A €27
=1

Zr41

We will identify X*(T) with Z"*! by this parametrization. Elements of X*(T') will
be called weights, and we will also denote X*(T') = A, the weight lattice. We will
embed A in V =R =R®Z* =R X*(T). We make R"*! into a Euclidean
space with the usual inner product.

Let T'(F') act on g by the adjoint representation as above. Then we can decompose
g into invariant subspaces that are eigenspaces of weights:

g:@gA, g ={X €glAd(z)X =2 X for z € T(F)}.
By

If A =0, then gg is the span of the £;;, which is the Lie algebra of 7. On the other
hand if A # 0 then each g, that appears is one-dimensional, and is the span of the
E; j with ¢ # j. The corresponding characters «; ; are exactly the roots of the root
system ® of Type A, listed in Example 1.

Let N(T) be the normalizer of 7. It consists of monomial matrices, that is,
matrices with exactly one nonzero entry in every row and column. The quotient
N(T)/T is isomorphic to the symmetric group S,41. It acts on 7' and hence on
X*(T) by conjugation.

We note that this is the Weyl group associated with the root system ® as de-
veloped in the previous section. The simple roots ¥ are o; = «;,;+1. The simple
reflection s,, is realized as in N(T')/T as the coset with representative

Iiy

Sa, =

— O

O =

[T—i

All of this generalizes to other root systems. The classical Cartan types B,., C,. and
D, can be realized in algebraic groups SO(2r + 1), Sp(2r) and SO(2r) respectively,
where SO(n) and Sp(2n) are the special orthogonal and symplectic groups. The
exceptional groups give rise to the exceptional root systems.

* * *
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We will next summarize (without proof) how root systems arise in algebraic
groups in general. We will not give proofs, for which see Borel, Linear Algebraic
Groups, especially Chapter 4 Section 14. For each of the classical Cartan types
the existence of a root system and Weyl group structure on N/T may be verified
independent of the general theory, as we have done for GL,; above.

An algebraic group is an algebraic variety G defined over some field F' with mor-
phisms m : G Xx G — G and inv : G — G which become the multiplication
and inverse maps on G(F) making the group G(FE) of E-rational points into a group
when E' is any commutative F-algebra. We will only consider affine algebraic groups,
that is, G will be an affine variety. An example is the multiplicative group G, with
G(E) = E*, or more generally G = GL, ;.

A torus is a group T that is isomorphic to G* for some k. If the isomorphism is
defined over F' we say T is split (over F'). For example, the group

()

over R is not split since K(R) is compact. But K(C) = C* and indeed K = G, via
the isomorphism ( _ab Z > +—— a + bi. The isomorphism is defined over C but not

over R.

Let G be an affine algebraic group over F. By a representation we mean a
morphism p : G — GL,, for some n such that p : G(F) — GL,(F) is a group
homomorphism for any commutative F-algebra E. Suppose that p is a faithful
representation and g € G(F'). Then the condition that p(g) € GL,(F') is semisimple
(diagonalizable over F') or unipotent (having only eigenvalue 1) is independent of p.
Therefore elements of G(F') may be classified as semisimple or unipotent. The group
G is called unipotent if every element is unipotent. The group G has a maximal
normal unipotent subgroup U, called the unipotent radical. If the unipotent radical
is trivial, then G is called reductive. If it is reductive and has no nontrivial normal
tori, it is called semisimple. The group

a b
0 d
is not reductive since { 1 T ) } is a normal unipotent subgroup. The group SL,

is semisimple. The group GL,, is reductive but not semisimple.
If GG is any smooth variety of dimension d defined over a field F', and if z is a point
in G(F'), then there is defined at x the Zariski tangent space 7, G, which is a vector
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space of dimension d. If G is an algebraic group, then G is smooth and so the tangent
space g = T1(G) at the identity has dimension equal d. It may be given the structure
of a Lie algebra. Since G acts on itself by conjugation, with the identity as a fixed
point, it acts on g, and this is the adjoint representation Ad : G(F) — End(g).

Let G be a reductive group. If G has a maximal torus that is split over F', then
G is called F-split.

All maximal tori in G(F') are conjugate if F' is algebraically closed. Let G be an
semisimple algebraic group, and let T be a maximal torus, that is, a subgroup as
large as possible such that T" is a product of multiplicative groups. We assume that
T is split over F'. If such a T exists, then G is called F-split.

We assume that G is an F-split reductive group and that 7T is an F-split maximal
torus. Let N be the normalizer of T. Then N/T is a Weyl group W.

To realize W as a Weyl group, we must introduce a vector space V' and a root
system ® in V. Let A = X*(T) be the group of rational characters of T', that
is, algebraic homomorphisms from 7" to the multiplicative group G,,, and let V =
R® X*(T). The elements of A are called weights, and are thus embedded as a lattice
in the ambient real vector space V. We may give V' a Euclidean structure (real inner
product) that is W invariant.

We write

9:@9,\
A

where for a weight A, the space gy is {X € g|Ad(t)X = A(¢)X for t € T(F)}. If
A = 0 then gy is the Lie algebra of T'. If @ # 0 and g, # 0 then g, is one-dimensional,
and in this case « is called a root.

Theorem 8 The roots in a split reductive algebraic group form a root system.

Proof See Borel, Linear Algebraic Groups, Chapter 4, Section 14. O

Let @ be this root system. We may partition the roots ® into positive and
negative ones. If ®* are the positive roots then

D s.
acdt

is the root system of a unipotent subgroup U that is normalized by T', and B = TU
is the positive Borel subgroup. It is a maximal subgroup of G and G/ B is a projective
algebraic variety, the flag variety.
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7 The Bruhat Decomposition

The Bruhat decomposition is a basic fact about Lie groups. Remarkably for some-
thing so basic, it went undiscovered for a long time. It originated in Ehresmann’s
study of flag manifolds, but was not really articulated until Bruhat’s work in the
1950s.

Tits found axioms, which were slightly generalized later by Iwahori and Mat-
sumoto. Let G be a group and B, N subgroups. It is assumed that "= N N B is
normal in N. The group W = N/T will be a Weyl group. If w € W, then w is
actually a coset wT', but we will write wB, Bw and BwB to denote the cosets and
double coset wB, Bw and BwB. These do not depend on the representative w since
T C B.

Axiom TS1. The group T'= B N N is normal in N;

Axiom TS2. There is specified a set I of generators of the group W = N/T such
that if s € I then s? = 1;

Axiom TS3. Let w e W and s € I. Then

wBs C BwsB U BwbB; (34)

Axiom TS4. Let s € I. Then sBs™! # B;
Axiom TS5. The group G is generated by N and B.
Then we say that (B, N, ) is a Tits’ system.
We will be particularly concerned with the double cosets C(w) = BwB with
w € W. Then Axiom TS3 can be rewritten

C(w) C(s) C C(w) UC(ws),
which is obviously equivalent to (34). Taking inverses, this is equivalent to
C(s) C(w) C C(w) UC(sw). (35)

Theorem 9 Let (B, N,I) be a Tits’ system within a group G, and let W be the
corresponding Weyl group. Then

G=|J BuwB, (36)
wew

and this union is disjoint.

Proof Let us show that (J,.y C(w) is a group. It is clearly closed under inverses.
We must show that it is closed under multiplication.
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So let us consider C(wy) - C(ws), where wy, wy € W. We will denote by [(w) the
length of a shortest decomposition of w € W into a product of elements of I. We
show by induction on [(ws) that this is contained in a union of double cosets. If
[(wy) = 0, then wy = 1 and the assertion is obvious. If [(wy) > 0, write we = sw}
where s € I and l(w}) < l(wg). Then by Axiom TS3, we have

C(w) - C(wy) = Bw;BswyB C Bw; BwyB U Bw;sBw)B,

and by induction, this is contained in a union of double cosets.

We have shown that the right side of (36) is a group, and since it clearly contains
B and N, it must be all of G by Axiom TS5.

It remains to be shown that the union (36) is disjoint. Of course two double
cosets are either disjoint or equal. So assume that C(w) = C(w’) where w, w" € W.
We will show that w = w'.

Without loss of generality, we may assume that [(w) < l(w’), and we proceed
by induction on [(w). If [(w) = 0, then w = 1, and so B = C(w'). Thus in N/T
a representative for w’ will lie in B. Since BN N = T, this means that w' = 1,
and we are done in this case. Assume therefore that [(w) > 0, and that whenever
C(wy) = C(w)) with I(wy) < {(w) we have wy; = w].

Write w = w”s where s € I and [(w”) < l[(w). Thus w”s € C(w'), and since s
has order 2, we have

w” € C(w')s C C(w') UC(w's)

by Axiom TS3. Since two double cosets are either disjoint or equal, this means that
either

C(w") = C(w") or  C(w")=C(w's).

Our induction hypothesis implies that either w” = w’ or w” = w’s. The first case is
impossible since [(w") < l[(w) < I(w'). Therefore so w” = w's. Hence w = w"s = v/,
as required. O

As a first example, let G = GL(r + 1, F'), where F' is any field. As in the last
section, let B be the Borel subgroup of upper triangular matrices in G, let T" be the
standard maximal torus of all diagonal elements, and let N be the normalizer in G of
T. The group N consists of the monomial matrices, that is, matrices having exactly
one nonzero entry in each row and column.

Our goal is to show that N and B form a Tits system.

If « = oy ; with @ # j is a root, let z, : FF — G(F') be the homomorphism
To(a) = 14 aE;; where E;; is (as in the last section) the matrix with 1 in the 7, j
position and 0 elsewhere.

41



The positive roots are o ; with ¢ < j, and the simple roots are a; = o ;41 with
1 <@ < r. Suppose that a = q; is a simple root. The corresponding simple reflection
is

Iy

— O
O =

[nflfi

More precisely, the coset of this matrix in N/T is s;. Let T, C T be the kernel of a.
Let M, be the centralizer of T, and let P, be the “parabolic subgroup” generated
by B and M,. We have a semidirect product decomposition P, = M,U,, where U,
is the group generated by the xz(\) with § € &+ — {a}. For example if n = 4 and
o = (g = (rp3 then

Ta: ) Moc:

— %

* X X X
—_
— % X %

where * indicates an arbitrary value.

Lemma 5 Let G = GL(n, F) for any field F', and let other notations be as above.
If s is a simple reflection then B UC(s) is a subgroup of G.

Proof First let us check this when n = 2. In this case there is only one simple root
So Where a = ar15. We check easily that

Cls0) = BsoB — {( .« ) e GL(Z,F)]c?éO},

so C(sq) UB =G.

In the general case, both C(s,) and B are subsets of P,. We claim that their
union is all of P,. Both double cosets are right-invariant by U,, since U, C B. So
it is sufficient to show that C(s,) U B D M,. Passing to the quotient in P,/U, =
M, = GL(2) x (F*)"2 this reduces to the case n = 2 just considered. O
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The action of W on T by conjugation induces the action of W on ®. This action
is such that if w € N represents the Weyl group element w € W, we have

wTa(Nw ™ € Ty (F). (37)

Lemma 6 Let G = GL(n, F') for any field F', and let other notations be as above.
If a is a simple root and w € W such that w(a) € T then C(w)C(s) = C(ws).

Proof We will show that
wBs C BwsB.

If this is known, then multiplying right and left by B gives C(w)C(s) = BwBsB C
BwsB = C(ws). The other inclusion is obvious, so this is sufficient. Let w and o

be representatives of w and s as cosets in N/T = W, and let b € B. We may write
b=tro,(A)u wheret € T, A € F and u € U,. Then

whbo = wtw ™t wra(Nw t wo.oc tue.

We have wtw™' € T C Bsincew € N = N(T). We have wz,(ANw ™! € 2y (F) C B,
using (37) and the fact that w(a) € . We have o~ 'uc € U, C B since M,
normalizes U, and o € M,. We see that wbo € BwsB as required. O

Proposition 25 Let G = GL(n, F) for any field F, and let other notations be as
above. If w,w'" € W are such that l(ww') = l(w) + l(w'), then

C(ww") = C(w) - C(w').

Proof Tt is sufficient to show that if [(w) = r, and if w = s7 - - - 5, be a decomposition
into simple reflections, then

C(w) =C(s1) - C(s). (38)

Indeed, assuming we know this fact, let w’ = s} ---s/, be a decomposition into
simple reflections with 7" = I(r"). Then s;---s,s]---s., is a decomposition of ww’
into simple reflections with [(ww’) = r + 7/, so

C(ww") =C(s1)---C(s,)C(s})---C(s..) = C(w)C(w).

To prove (38), let s, = s,, and let wy; = s1---8,_1. Then [(wys,) = l(wy) + 1,
so by Proposition 13 we have w'(a) € ®*. Thus Lemma 6 is applicable and C(w) =
C(wy)C(s,). By induction on r, we have C(w;) = C(s1)---C(s,—1) and so we are
done. O
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Theorem 10 With G = GL(n, F') and B, N, I as above, (B, N, 1) is a Tits’ system
in G.

Proof Only Axiom TS3 requires proof; the others can be safely left to the reader.
Let o € ¥ such that s = s,.

First, suppose that w(a) € ®*. In this case, it follows from Lemma 6 that
wBs C BwsB.

Next suppose that w(a) ¢ ®*. Then ws,(a) = w(—a) = —w(a) € ®T, so we
may apply the case just considered, with ws, replacing w, to see that

wsBs C Bws’B = BwB. (39)

By Lemma 5, BUBSsB is a group containing a representative of the coset of s € N/T,
so BU BsB = sB U sBsB and thus

Bs C sBU sBsB.

Using (39),
wBs C wsBUwsBsB C BwsB U BwB.

This proves Axiom TS3. U

Similarly, if G is any split reductive group, T' a maximal split torus, B a Borel
subgroup containing G and N the normalizer of T, then B(F) and N(F') are a Tits
system and so we have a Bruhat decomposition. For proofs, see Borel’s book Linear
Algebraic Groups.

8 Finite Field Iwahori Hecke algebras

Let W be a Coxeter group and let F' be a field containing an element q. Let I =
{s1,-++, 8.} be the set of simple reflections. We recall that we defined the Twahori
Hecke algebra H,(W) has basis T, - - - , T, subject to the braid relations

LT, =TT
where the number of terms is the order of s;s;, and
T} =(q— 1T +q.

Proposition 26 For any Coxeter group W, if ¢ = 1 then Hy (W) is isomorphic to
the group algebra C[W].
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Proof This is because the relations between the T; become exactly the braid rela-
tions and T = 1, which are a presentation of . O

We will assume that W is the Weyl group of a root system ®. In this case, we
defined a braid group B with generators u; subject to the braid relations

uiujuiuj s uju UJU‘ cee

Clearly there is a homomorphism B — H,(W)* such that u; — T;.

We recall that if w € W then the length [(w) is the smallest k& such that we may
write w as a product of k simple reflections. An such representation w = s;, - - - s;
into a minimal number of simple reflections will be called a reduced decomposition.

k

Proposition 27 Assume that W is the Weyl group of a root system ®. Then for
every w € W there exists an element T, of H (W) such that if w = s; is a simple
reflection then T,, = T;, and if l(ww') = l(w) + (w') then Ty = TWwTw. If s is a
simple reflection then

o T if l(sw) > l(w),
TT, = { (¢ — )Ty + qTsw if l(sw) < l(w).

The T,, span H,(W) as a vector space, so dim H,(W) < |W].

Proof Let w =s;, ---s;, beareduced decomposition of w into a product of simple
reflections, where & = [(w). Then we will define T, = T}, - - - T}, . We must show this
is well-defined.

If w = sj ---sj, is another reduced decomposition, then by Proposition 23 we
have u;, ---u;, = wj, ---u; in the braid group. Therefore applying the homomor-
phism u; — T; we have T}, ---T;, =Tj, ---Tj,, and so T, is well-defined.

It is clear that Ty, = T;. Moreover if [(ww') = [(w) + l(w') then Ty = ToTy
since we may obtain a reduced decomposition of ww’ by concatenating reduced de-
compositions of w and w’.

If I(sw) > l(w) we have [(sw) = l(w) + 1 = l( )+l( ) and 15T, = Tsp. On
the other hand if I(sw) < l[(w) we may write w = sw’ and l(w) = I(s) + I(w') so
Ty = TT,s. Now using T? = (¢ —1)T + q we obtain T,T,, = T?T,y = (¢ — 1) T T +
ATr = (¢ — 1) T + qTow.

Now it follows that the linear span of the T, is closed under multiplication by
the generators T;, and so this linear span is all of H,(W). O

Let F be a field. We will denote by U the group of upper triangular unipotent
matrices in GL(r + 1, F).
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Proposition 28 Suppose that S is any subset of ® such that if o« € S then —a & S,
and if o, B € S and a+ (3 € ©, then o+ 3 € S. Let Ug be the set of g = (gi;) in
GL(r + 1, F) such that g;; = 1, and if i # j then g;; = 0 unless cy; € S. Then Ug is
a group.

Proof Let S be the set of (i) such that the root «;; € S. Translating the
hypothesis on S into a statement about S, if (7,j) € S we have ¢ < j, and

if both (4, ) and (j, k) are in S then i # k and (i, k) € S. (40)

From this it is easy to see that if g and h are in Ug then so are ¢! and gh. 0

As a particular case, if w € W then S = & Nwd®~ satisfies the hypothesis of
Proposition 28, and we denote

Us+rwas- = U, -
Similarly S = & Nw®™ meets this hypothesis, and we denote
U(I)+qu>+ — UJ

Lemma 7 We have |®t Nwd~| = l(w).

Proof We gave two definitions of the length function [, which were proved equivalent
by Proposition 16. One of them was the number of positive roots « such that
w(a) € @71, in other words, the cardinality of S = ®* Nw™'®~. From the other
definition as the length of a reduced decomposition, it is clear that I(w) = [(w™!)
and so |®T Nwd~| = [(w). O

Proposition 29 Let F' =TF, be finite, and let w € W. Then and
U, | =q"™.
Proof This follows from the Lemma. O

Proposition 30 Let w € W. The multiplication map U} x U, — U is bijective.

Proof We will prove this if F' is finite, the only case we need. In this case U,; NU,, =
{1} by definition, since the sets ®* N w®~ and &+ N wd™ are disjoint. Thus if
ujuy = uguy with v € UF, then (ug) 'uf = u; (uy)~' € U NU, so uf = ui.
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Therefore the multiplication map U x U, — U is injective. To see that it is
surjective, note that

|U1;| — q|<I>+ﬂw<I>*|, |Uu-1)-| _ q|<1>+mw<1>+|7

so the order of U} x Uy is ¢/*'! = |U], and the surjectivity is now clear. O

We are interested in the size of the double coset BwB. In geometric terms, G/B
can be identified with the space of F-rational points of a projective algebraic variety,
and the closure of BwB/B is an algebraic subvariety in which BwB/B is an open
subset; the dimension of this “Schubert cell” turns out to be I(w).

If F =T, an equally good measure of the size of BwB is its cardinality. It can
of course be decomposed into right cosets of B, and its cardinality will be the order
of B times the cardinality of the quotient BwB/B.

Proposition 31 Let F' = F, be finite, and let w € W. The order of BwB/B is
I(w)
q\".

Proof We will show that v~ —— u~wB is a bijection U,; — BwB/B. The result
then follows from Proposition 29.

Note that every right coset in BwB/B is of the form bwB for some b € B. Using
Proposition 30 we may write b € B uniquely in the form v~ u*t with «* € U¥ and
teT. Now wluttw = w™lutw.w tw € B, because wutw € U and w™tw € T.
Therefore bwB = v~ wB.

It is now clear that the map u~ —— u~wB is surjective. We must show that it
is injective, in other words if u; wB = uy wB for v; € U, then u; = u,. Indeed,

if u= = (u;) 'uy then w™u~w € B from the equality of the double cosets. On
the other hand w™'u~w is lower triangular by definition of U, . It is both upper
triangular and lower triangular, and unipotent, so u~ = 1. O

With r and ¢ fixed, let H be the convolution ring of B-bi-invariant functions on
G. The dimension of H equals the cardinality of B\G/B, which is |W| = (r+1)! by
the Bruhat decomposition. A basis of H consists of the functions ¢,, (w € W), where
¢ 1s the characteristic function of the double coset C(w) = BwB. We normalize the
convolution as follows:

(f1 % Zfl ) f2(z71g) |B|Zf1 g9z) fo(x
zEG zeG
With this normalization, the characteristic function f; of B serves as a unit in the

ring.
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The ring H is a normed ring with the L' norm. That is, we have

|fi* fol < |fal - | fol,

where .

|fl= @ZV@”'

zeCG
There is also an augmentation map, that is, a C-algebra homomorphism € : H —
C given by
1
e(f) = @Zﬂx)‘
zelG

By Proposition 31 we have
e(¢u) = ¢ (41)

Proposition 32 Let w,w’ € W such that l(ww') = I(w) + l(w'). Then

¢ww/ = ¢w * ¢u)"

Proof By Proposition 25, we have C(ww’) = C(w)C(w’). Therefore ¢, * ¢y is
supported in C(ww’) is a constant multiple of ¢y, . Writing ¢y, * ¢y = Py and
applying the augmentation e and using (41), we see that ¢ = 1. O

Proposition 33 Let s € W be a simple reflection. Then

Qbs * ¢s = q(bl + (q - 1)¢s

Proof By (34) we have C(s)C(s) C C(1) UC(s). Therefore there exist constants A
and p such that ¢,x¢s = MA@+ up,. Evaluating both sides at the identity gives A = ¢.
Now applying the augmentation and using the special cases €(¢5) = q, €(f1) = 1 of
(41) we have ¢* =X\ -1+ pu-q=q+ ug, so p=q— 1. O

Theorem 11 (Iwahori) The algebra H is isomorphic to H,(W') under a homomor-
phism such that ¢, — T,.

Proof By Propositions 32 and 33 the ¢, satisfy the defining relations of T; and so
there is a homomorphism H,(W) — H such that T,, — ¢5,. The homomorphism
is surjective since the ¢,, generate H. We have dim H,(W) < |W| = dim H so this
homomorphism is an isomorphism. U
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9 The Spherical Hecke algebra for GL(n)

This section is optional. Omitting it will not cause any problems of continuity.

Let G = GL,(F) where F is a nonarchimedean local field, and let K° = GL,,1(0)
be its maximal compact subgroup. There is a homomorphism K° — GL,.;(F,),
where F, = o/p is the residue field. The preimage J of the Borel subgroup B(F,) is
the Twahori subgroup.

The Iwahori Hecke algebra H ; is our main object of study. However the spherical
Hecke algebra H° = Hpgo is worth first considering. It is commutative, hence a
Gelfand subgroup. It is not a subring of H; (since it does not contain the unit of
H,). It is an ideal. Moreover H° does not play an important role in the theory of
‘H 7, which contains other commutative subrings that take its place — the center, and
a larger commutative subring.

We now describe a method of distinguishing the double cosets K°\G/K°. If
g € G, let ged(g) be the fractional ideal of o generated by the entries in g. Evidently
ged(g) is invariant under both left and right multiplication by K°. We may refine
this invariant of the double coset K°gK*° as follows: if 1 < k < n, let

AR GL(n, F) — GL ((Z) , F)

be the k-th exterior power representation; the matrix entries A*g are the k x k mi-
nors of g. Then ged (/\k g) is the fractional ideal generated by these minors. Clearly
N(K®) C GL ((Z), 0), so ged (/\kg) is also invariant under left and right multiplica-
tion by K°.

Proposition 34 (The Elementary Divisor Theorem) Let R be a principal ideal
domain, let M be a free R-module of rank n, and let N be a submodule of M which
is also free of rank n. Then there exists an R-basis &1,---,&, of M and nonzero
elements Dy,--- , D, of R such that each D;y, divides D; (i = 1,--- ,n —1) and
D1&y, -+, DR, is a R-basis of N.

Proof See Theorem II1.7.8 of Lang’s Algebra. O

Proposition 35 (The p-adic Cartan Decomposition) FEvery double coset in
K°\G/K" has a unique representative of the form

wM
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Proof We show first that if g € GG, then there exist elements k1, ko € K° such that
K1gks is diagonal. If we know this for elements g € Mat,(0), then we can deduce
it for all g, since we can multiply ¢g by a scalar to put it in Mat,(0). Hence there
is no loss of generality in assuming g € Mat,,(0). We apply the Elementary Divisor
Theorem with R = o, M = 0", and N the submodule generated by the columns
of g. Let &,---,&, and D; be such that &, --- &, generate o™ and D1&y, -+, D€,
generate the same o-module as the columns of g, there exists ko € K° such that

(Dléh e ,ann) = gRa.
We may rewrite this

D,

(517"'7571) = gRa2,
D,

and the first matrix on the left is an element of K°, so we have shown that

D,
€ K°gK°.
D,

We may clearly adjust the D;’s by units, proving that every coset has a representative
of the form (42).

It remains to be shown the matrices (42) lie in distinct double cosets. Indeed, the
invariants ged (/\kg) determine Ay, - -+, \,, since clearly if g equals the matrix (42)
we have ged(g) = A\, ged (A%g) = A1\, and so forth. O

Theorem 12 (i) The spherical Hecke algebra H° is commutative.
(i1) If (m, V) is an irreducible admissible representation of GL(n, F'), then the
space VE® of K°-fized vectors in 'V is at most one-dimensionall.

Proposition 5 shows that it is expected that commutativity of the Hecke alge-
bra will have dim(V%") < 1 as a consequence. The following “involution” method
of proof is due to Gelfand. The second assertion is sometimes expressed by the
statement that K° is a Gelfand subgroup of GL(n, F).

Proof Define a map ¢ : H° — H° by (¢f)(g) = f(*g). Since K° is stable under
transposition, this is a well-defined transformation of H°, and because transposition
is an anti-automorphism of G, it is easy to see that ¢ is an anti-automorphism of H°:

L(f1* f2) = (fa2) * o(f1).
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On the other hand, ¢ is just the identity map, since every double coset has a rep-
resentative which is diagonal, hence stable under transposition, by Proposition 35.
We see that the identity map is an anti-automorphism of H°. This means that H°
is commutative.

For the second statement, VX", if nonzero, is a finite-dimensional simple module
over the commutative C-algebra H°. It is therefore one-dimensional. U

We call an irreducible admissible representation (m, V') spherical if it has a K°-
fixed vector. The commutative Hecke algebra H°® is called the spherical Hecke algebra.
We recall the partial order on partitions, in which ¢ < v means that

[ R e o VN e I e 2
for each r. Now let us study the product of two double cosets.

Proposition 36 Suppose that A and p are partitions of k and I, respectively, of
length < n. for each 1 < r < n. We will denote by A + u the partition {\; +
My, e 7)\n+,un} Ofk+l Let

wkn

where A\y = -++ = A\, and pig = -+ = . Suppose that (K°gK°)(K°hK®) contains a

double coset

w1

K° K°, V= 21y, (43)
wn
Then v is a partition of k + 1, and v < A + p.

Proof Since g and h € Mat,,(0), we have K°gK°hK° C Mat, (o) and so the v; are
nonnegative integers. Comparing determinants, v is a partition of k + [. To prove
that v < A + p, it is sufficient to check the inequalities

Vn—1 + Vp, 2 )\nfl + HUn—1 + )\n + Hn, (45)

etc. since subtracting these inequalities from the equality

V1++Vn:k+l:)\1+,u1+/\n+ﬂn
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will give v < A + p. The matrix entries of an element of K°gK° have greatest
common divisor equal to p*», and the matrix entries of an element of K°hK®° have
greatest common divisor p#7; it is evident that the matrix entries of an element of
(K°gK°)(K°hK®) lie in the ideal p*»*#» and therefore we have (44). Repeating this
argument with A%g and A?h replacing g and h gives (45), and so forth. O

For 1 < r < n, let 6, be ¢~""")/2 times the characteristic function of the double
coset

K°r,.K°, T, = ( @l I ) ) (46)

Of these “Hecke operators” the last one, 8, is invertible, having as its inverse the
characteristic function of the double coset K°7, ' K°. Also, if A = {\;, -+, \,} is a

T
sequence of integers satisfying Ay > ... > \,, let 6, equal

q%((l—n))\l+(3—n)>\2+...+(n—1))\n)
times the characteristic function of the double coset (42). By the p-adic Cartan
decomposition, these form a Z-basis of H°.

Proposition 37 (Tamagawa, Satake) The ring H° is a polynomial ring over in
01, -+ ,0, and 6, *:
Ho = C[Qla T )en—ly 0717 0;1]

This structure theorem is a special case of the Satake isomorphism describing the
structure of the spherical Hecke algebra of a reductive p-adic group.

Proof Let us show that 6y lies in the C-algebra generated by 6y, -- , 0,0, where
A ={)\, -, A\, } is a sequence of integers satisfying Ay > ... > \,. Clearly 0,70, =
6)\/’ where

N={\—r- A\,—71}

and so we may assume that A\, = 0. Then the \; > 0, and X is a partition, so
(42) lies in Mat,,(0). With this assumption, we will prove that 6, is a polynomial in
b1, ,0,. (0, is not needed if the \; > 0.)

If the \; are all equal zero, then 6, = 1 and there is nothing to prove, so assume
that \; > 0. Let 1 < k < n — 1 be the largest integer such that \; # 0, and let

M:{)\l_lv 7)\k_1707 70}

By induction, 8, lies in the C-algebra generated by 6, - - ,6,. We ask which double
cosets occur in the support of 0 x 6,,. Evidently the double coset of (42) occurs, and
every other double coset is of the form (43) with v a partition of |A|, which strictly
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preceeds A\ in the partial order. By induction, the characteristic of each such double
coset is a polynomial in 0y, --- ,0,. We see that 0, x0, lies in the C-algebra generated
by 64, --,0,, and it differs from a nonzero multiple of 6, by a sum of elements 6,
which lie in this ring; hence 6, is a polynomial in 6y, --- ,6,.

We must also show that the 6; are algebraically independent. We note that 6; is
the characteristic function of a set supported on the matrices of determinant equal
to w' times a unit, so we may grade the ring H° by degree, 6; having degree i.
Given relation of algebraic dependence, we may clearly separate out the part which
is homogeneous of given degree and obtain a homogeneous relation

> a(h) ooy o =0, (47)

n—1
A=k
The point is that the homogeneous degree of the monomial

R 9
is

Now let us expand this out in terms of the 6, which are a Z-basis of ‘H°. It is a
consequence of Proposition 36 that when (48) is expanded out, 0, will occur, together
with terms of the form 6, where v runs through partitions of k strictly preceeding
A in the partial order. Thus if A\ is minimal in the partial ordering subject to the
condition that a(A) # 0, it is clear that the coefficient of 6, in the expansion of
(47) is nonzero. Thus (47) does not vanish. This contradiction shows that the 6;

are algebraically independent, and we have proved that H° is a polynomial ring
(C[Hla"' 76n7179n79771]' U

Proposition 38 (Iwasawa decomposition) Let B(F') be the Borel subgroup of
upper triangular matrices in G = GL(n, F'), and let K° = GL(n,0). Then G =
B(F) K°.

Proof See Bump, Automorphic Forms and Representations, Proposition 4.5.2. [

Now let us construct representations of G = GL(n, F') which have a K°-fixed
vector. These are the spherical principal series representations. We recall that a
quasicharacter of a locally compact group is a continuous homomorphism into C*; a
quasicharacter of F'* is called nonramified if it is trivial on o*.
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The modular quasicharacter a topological group H is the quasicharacter dg :
H — C such that if dph and dgrh denote left and right Haar measures, respectively,
on H, then dgh = 6y (h) dph. The the modular quasicharacter of B(F') is

Y1 * ce X
Y2 * n— n— -n
J R 770 kel 723 A (7 b
Yn
Fix quasicharacters xi,--- , x, of F*. Then we have a quasicharacter x : B(F) —
C* given by
Y1 X L. *
Y2 *
X o = xan) e xala)-
Yn

Let V.= V(x1,---,xn) be the space of locally constant functions f : G — C such
that

f(bg) = x(b) 52(b) f(9)- (49)
We define an action m = 7(x1, -, xn) of G on V by right translation:

(m(h)f) (g) = f(gh).

It is easily verified that 7(h)f € V with this definition, and since the functions f
are locally constant, the stabilizer of any particular f is open, so this is a smooth
representation. We may see that it is admissible as follows: If K is any open sub-
group, we want to show that VX is finite. This is a subspace of VEMX® so without
loss of generality K € K°. The index of K in K° is finite, and if z1,--- ,xxy are a
complete set of coset representatives, so K° = |Jx;K, then we claim that f € V¥
is completely determined by the values f(z;). Indeed, since f is right K-invariant,
knowledge of these values determines f on K° and by (49) and the Iwasawa decom-
position, f is therefore completely known. We see that V¥ is finite-dimensional, so
this representation is admissible.

Proposition 39 Assume that the quasicharacters x; are nonramified. The space of
K°-fized vectors in the representation m(x1, -+, Xn) S one-dimensional.

Proof We will show that the space of K°-fixed vectors is spanned by the function
f° defined by
fo(bk) = x(b) 6Y2(b), b€ B(F), k € K°. (50)
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It is called the standard spherical vector. It is a consequence of the Iwasawa decom-
position that every element of G can be written as bk as in (50), so the definition (50)
makes sense provided the right-hand side is well-defined, independent of the decom-
position of g as bk. This is true on our assumption that xi,--- , x, are nonramified,
since if bk = V'K’ where b, V/ € B(F) and k, k' € K°, then b='0' € B(F) N K° is
upper triangular with units on the diagonal, and so x(b~'0') = 6(b'%') = 1. Thus
f° is well defined. It is clear from the Iwasawa decomposition that a K°-fixed vector
is a constant multiple of this f°, so VX° is exactly one-dimensional. O

Proposition 40 Assume that the quasicharacters x; are nonramified, and let f° be
the K°-fized vector (50). Then

er‘fozer(tla"' 7tn) f07 (51)
where e, is the r-th elementary symmetric polynomial, and t; = x;(w).

Proof It is clear that 0, x f € VK for any f since 6, is K°-bi-invariant, and so
0, % f° = cf° for some constant c. Evidently ¢ = (6, * f°)(1), so we must show that

(07’ * fo)(l) = er(th e ;tn)-

Since K°7,.K° is the continuous image of K° x K° under the map (ky, k2) — ki7,ko,
it is compact; and since K° is open, there are a finite number of right cosets in
K°1.K°/K°. Let A be a complete set of coset representatives for these, so that

K°r.K° = | J K, (52)
BEA

Since K°1,.K° C Mat,(0), the matrix entries in 5 are all integers. It follows from
the Iwasawa decomposition that we may chose the representatives 3 to be upper
triangular, and we have the freedom to change them by an element of K° N B(F')
on the right. We may then arrange that the diagonal entries of § are all powers of
7. In order to lie in the same double coset as 7,, it is necessary that ged(A*7,) and
ged(AF3) agree. The implications of this are as follows: of the diagonal entries of 3,
there are exactly r w’s and exactly n —r 1’s. Moreover, if S is the set (of cardinality
r) of 1 < < nsuch that 8; = w, and if ¢, j are distinct elements of .S, then [3;; must
lie in p. If these conditions are not satisfied, then 3 will not lie in the same double
coset as 7. Given that we have the freedom to change 3 on the right by an upper
triangular unipotent element of K, we may change each 3;; (i < j) by any multiple
of B;;. If i,j € S then p|3;; while §; = w, and so we may assume that §;; = 0. On
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the other hand if ¢ ¢ S, then (; € 0* while 3;; € o, and so again we may assume
that §;; = 0. On the other hand, if i € S and j ¢ S, then (3;; may be any element of
o modulo p.

With this in mind, let us fix S = {A\,--+ , A}, where A\ < Ay < -+ < A\.. We
ask how many 3 there are in the decomposition (52) whose diagonal entries equal to
w are 3; with ¢ € S. We have just shown that if i < j with ¢ € S and 7 ¢ S, then
Bi; can be chosen to be an arbitrary element of o/p; and all other entries above the
diagonal can be assumed to be zero. If i = A\, there are n —r — Ay + 1 values of j
such that j > ¢ and 7 € S, so there are n —r — A; + 1 elements to be chosen inthe \;
row, and similarly, there are n —r — Ay + 2 entries to be chosen in the Ay row, and
so forth; the total number of elements to be chosen is

T

and so the total number of  for this choice of S is

qr(nfrfé)f i1 )\i'
For such a (3, we have

Fo(B8) = 8"2(8) x(B) = ¢~ "VEEEN gy ey

Recalling that 6, is ¢~"")/2 times the characteristic function of the double coset
K°T,.K°, we see that (0,f°)(1) equals

_r(n=r) r n_rfl _5r i _(n+1)r+ A

gz E q( )i gz RN ety
A <<y

:e”‘<t1a"' 7t7”)a

as required. O

10 The Affine Weyl Group

We may extend the Weyl group by a group of translations, and obtain the so-called
affine Weyl group.

Let ® be a root system in the vector space V, and let W = W (®) be the Weyl
group. We give V' a W-invariant inner product (, ). If « € ® and k € Z let P, be
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the hyperplane P, = {v € V|(a,v) = k}. A connected component of

V- |J Pu

aced
keZ

is called an open alcove. They are relatively compact open subsets of V. The closure
of an open alcove is called an alcove.
Let C* be the positive Weyl chamber, so that

Ct={veV|[{av)y=>001<i<r)}

where {ay,--,a,} are the simple roots. There is a unique alcove in C* which
contains the origin. This is the fundamental alcove §. Our immediate goal is to
describe it more explicitly.

There is a partial order on V' in which v > 0 if v = ) ¢;a; with ¢; > 0. We call
a root « highest if o/ > « for o/ € ® implies that o/ = a. We will see that if ® is
irreducible, this implies more: that actually o > o for every root o’ € ®.

Exercise 9 Let «, 8 € ® be linearly independent. and let U be the two-dimensional space
spanned by « and 3. Show that U N ® is a root system in U.

Exercise 10 Assume that ® is reduced and that «, are distinct elements of ®. Show
that if (o, 3) > 0 then o — 3 € ®. (One way: you may use the previous exercise to reduce
to the rank two case, and check this for the four rank two root systems A; x Ay, As, Bo
and Gj.)

Proposition 41 Suppose that ® is irreducible. Then there is a unique root —oy that
is highest with respect to the partial order. If o is any positive root, then a < —ay
and (o, —a) = 0. If a is any root then (o, —ap) < {ag, ag) with equality if and only
if o = —ayp.

It is most useful to use the notation g for the negative of the highest root, since
then it will play a role exactly analogous to the simple roots {ay,- - , @, } in certain
situations.

Proof Suppose that (§ is a highest root. Since g > —f3, [ is positive.

We claim that (3, a;) > 0. If not, then s;(3) = 5 — %al > (3, contradicting
the assumption that 3 is a highest root. o

Write 5 = > k;ja;. Clearly any highest root is positive, so k; > 0. We will
show that k; > 0. Otherwise, let ¥ = ¥; U Xy, where ¥; = {a]k; > 0} and
Yo = {a;|k; = 0}. Because ® is irreducible, the simple roots may not be partitioned

57



into two disjoint mutually orthogonal sets. Therefore there is oy € ¥; and o € X
such that (o, ;) < 0. Now

(B,a;) = < Z kiai,aj> = Z ki (o, ;) .

a; €21 a; €Y

All terms on the right are non-positive since k; > 0, and one term (i = [) is negative.
This contradicts the fact that (3, «;) > 0, proving that all k; > 0.

Now let v be another highest weight. Consider (5,7v) = > k; (ay,7). We have
(av,7y) = 0 with strict inequality for some i, and k; > 0, so (3,v) > 0. It follows from
Exercise 10 that 3 — v is a root. Either 8 — v € ®*, in which case 3 = v + (3 — ),
contradicting the maximality of v, or 3 —~ € ®~, in which case v = 3 + (y — 3),
contradicting the maximality of 3. This contradiction shows that the highest root is
unique. (We are therefore justified in naming it, and we call it —ay.)

Now suppose that « is any positive root. We can write o« = Y n;a; with n; > 0,
and (6,a) = > n; (B,a;) = 0. By Exercise 10, § — « is a root. It cannot be a
negative root, since then o = § + (o — (3) would contradict the maximality of f.
Since 3 — « is a positive root, we have 3 > «a.

Next we show that if 7 is any root then (v, 3) < (3, ) with equality only in the
case v = 3. We embed v and 3 in a rank two root system &y = & N Vjy where V} is
the vector space they span. Then ®g is one of Ay x Ay or Ay, By or Gy. Except in
the first case (3 is the unique highest weight vector, and in every case, the assertion
may be checked by inspection. We leave the verification to the reader. U

Let ag be the negative of the highest root. We see that
(g, aj) =20 if a;, a5 € {ag, a9, o}, 1 # J.

Indeed, this is part of Proposition 12 if a;, o;; € X and Proposition 41 if one of «; is
.

Proposition 42 The fundamental alcove § is defined by the inequalities
(aj,v) 20 (I1<i1<r), (g, v) = —1. (53)

Proof It is clear that the fundamental alcove is determined by the inequalities
(a,v) = 0 and (a,v) < 1 as a runs through the positive roots. We have to show
that the inequalities (o, v) < 1 all follow from the inequality (—ap,v) < 1, which
is equivalent to the assumed inequality (ag,v) > —1. Indeed, if « is any positive
root, then a < —aqp, so we may write a = —ay — Y ko with k; > 0. Then
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{a,v) = (—ap,v) — > k; (o, v). However if « is already assumed to satisfy he first
inequalities in (53), then (a;,v) > 0, so (a,v) < (—ap,v). Hence the inequality
(—ap,v) < 1 is sufficient to imply (o, v) < 1 for all positive roots «, and thus the
fundamental alcove is indeed determined by the given inequalities. U

If « € ® and k € Z we consider the reflection 7, in the hyperplane P, ;. This
is the map
Tar=v—{a’ v)a+ka' =v—{(a,v)a” + ka".

We have P, =P_o_pand r_o _p =T Let s, =74,0 (1 << 1) and sg = ray,—1.
These are the reflections in the hyperplanes bounding the fundamental alcove.

Proposition 43 The group Wa.g is generated by the s;.

Proof Let w € W,g. Then wg is an alcove. We consider a path p from an interior
vertex of § to an interior vertex of wg. Let §y = &, 381, -+ , $x = w§ be the series of
alcoves through which p passes. Each pair §;, §i+1 is separated by a P, .

Since §1 is adjacent to §y = §, by Proposition 42 we have §; = s;,§ for some
0 <14 <r. Now g5 is adjacent to §1, so 5;1132 is adjacent to 3;11%1 = §. Thus
8;1132 = 4,8 for some 0 < iy < r, and so §2 = s, 5,5. Continuing this way we

obtain a sequence ij,1%g,--- such that §; = s;, - -+ 5;,§. Now w§ = s;, - - - 5;, § implies
that w = s;, - -+ s5;,, proving that Wag is generated by the s;. O
Theorem 13 W,g is a Cozeter group with generators {so, S1,- -+ , 8}

Proof Let us suppose that

Siy " Siy = Sjy Sy
are two words representing the same element w € Wyg. Let G be the group with
generators oy, - - - 0, and relations 02 = 1 and (o;0;)™®) = 1, where m(i, j) is the
order of s;s;. We want to show that o;, ---0;, = 05, - - 0y,.

Ift=123--- let S; be the set of all affine subspaces M of V that are the
interesection of ¢t or more hyperplanes P, (o € ®, k € Z) such that dim(M) =
dim(V') —¢. Thus S; consists of the set of hyperplanes P, , themselves. Observe that
Q =V —JSs is simply-connected since the removed sets consists of closed affine
spaces of codimenion 3 with no accumulation point.

The alcove s;,§ is adjacent to §, separated by a hyperplane. Also, s;,§ is adjacent
to § so s;, 5,8 is adjacent to s;,§. We therefore get a sequence of alcoves:

37 Sil‘gy Szjsiz‘gy 38580y Sikg = SOaSlv o 7‘3]6‘
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We take a path p from a point w in the interior of § to a point v in the interior of
$r = wg, passing through these alcoves in order. Similarly we have another path p’
from w to v passing through the alcoves §, 8}, - , 8}, where §, = s, - - - 5;,§, with
50 = So and §) = &k = wF. The paths p and p’ both lie in the simply connected
space €.

We deform p into p’ and observe how the set of alcoves changes as we make this
deformation. We stay within ) at every stage. We are allowed to cross elements of
S5 but not S3. We arrange so that we cross elements of Sy one at a time and observe
how the word s;, - - - s;, representing w changes when we do. We will see that each
such change corresponds to a use of the braid relation.

Since we may never pass through a space M in S, the only types of transitions
that can occur have the path move across a subset M in S;. We may visualize this
by taking a cross section in a 2-dimensional affine space perpendicular to M, and
projecting the path onto that path. The homotopy thus moves py = p, one segment
of which might look like this:

S?H—l

Sti2 St
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to an equivalent path p;, whose corresponding segment looks like this:

St—i—Q &5

3/
/ t+1
St43

/
Sito

Now if we have §; = s, - -+ 5;, T, St41 = Siy "+ 85,1 8> St42 = Siy " - Sipyns- On the
other hand (in this example)

/ JR—
S{t-i-l - Sil Tt Sitsit_‘_g%/a
, P . DY . . .
St+2 - 821 Slt 81t+2 Slt+1 37
,8’/ f— S . ) S . S . S . S . ,3’
t+3 21 121422412142V
, f— . . .. . . . . . _—
St-{-?) = S SitSipy0Sis11Sita S,ng - gt+2'

So this homotopy replaces the word s;, - --s;, by
Si18iy * 0 S0y SipyoSip1SiraSisr1 Sives T Sig-
In this example, the order of s;,s;,,, is 3, so (0y,04,,,)* = 1 and
0441104 = 0444104, 04,1 04y

Thus this homotopy crossing the affine subspace M of codimension 2 replaces o;, - - - 03,
by

041041 " 044 104,1104,04,,104, 04,1~ * Tiy

but these are equal in the group . Continuing in this way, we eventually get
iy~ 04 = Oy - 0y

We have done just one example of crossing an element M of Sy but clearly any
such crossing amounts to an application of a braid relation. We see thus that W.g
is a Coxeter group. O
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We wish to have analogs of the roots. These will be the affine roots, which in our
interpretation are affine-linear functions on V' that vanish on the hyperplanes F, .

Remark 1 Our definition of the affine roots is that given by Macdonald. However
in view of the work of Kac and of Moody on infinite-dimensional Lie algebras, the
affine roots of Macdonald should be supplemented by other “imaginary” roots. We
will ignore the imaginary roots since they play no role for us.

Ifae®let
v 2a
af = —.
(o, @)
The o are called coroots, and the set & of coroots is called the dual root system. If
a€Pand k€ Zlet L,y : V — R be the linear functional

Loi(v) = (a,v) — k.

Then L, vanishes on P, , as does L_, _ = —Lq .

The Weyl group acts on the roots by wL(v) = L(w™1v).

We note that a root L never vanishes on an alcove. Let us say that an affine root
L is positive (resp. negative) if its values are positive (negative) on the fundamental
alcove §. Let @ be the positive affine roots and @, be the negative ones. If
1<i<rlet Ly =Ly, 0and P, = PF,,o. Let Ly = Lqy,—1 and Py = P,y _1.

Proposition 44 Let 0 < ¢ < r and let L be a positive root. Then s;(L) € &~ if and
only if L = L.

Proof If L = L.k, then s;(L) is a negative root if and only if L(s;v) < 0, where
v € §. Since L(v) > 0, v and s;(v) must lie on opposite sides of the hyperplane
L, ;. But the only hyperplane among the P, that separates v and s;(v) is P;, and
so P, = F;. Since L is a positive root, L = L;. O

Let @Y be the lattice generated by the coroots. If A € QY let 7(\) : V — V be
the map 7(A\)v = v + A. We may identify Q¥ with its image under 7 as a group of
translations.

Proposition 45 The subgroup QV is normal in W,g and Wg is the semidirect prod-
uct Q¥ x W.

Proof Translation by o) moves P, to P,; where | = k + (o), ) so |l € Z if
k € Z. Thus translation by an element of the coroot lattice permutes the alcoves,
and corresponds to an element of Wg.
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The coroot lattice @V is invariant under W,g, since the reflection in P, ; moves
any vector v to v+ (k— (o, v))a"; it sends a coroot 5¥ to Y + (k — (o, Y)Y which
is also in the coroot lattice. If & is any alcove, then & = wg§ for some w € Weg,
so & contains A = w(0) which we see is an element of Q)V. Therefore 7(—\)w is an
element of W,g that fixes 0, hence is an element of . This shows that W, = QVW.

O

We will prove results about the length function that are analogous to those for
the ordinary Weyl group in Section 4. As in that section, there are two definitions
that are eventually shown to be equivalent.

As with the ordinary Weyl group the first definition makes [ : Wog — Z the
minimal length of a decomposition w = s;, - - - s;,. The second definition, temporarily
denoted [’ until we prove that they are the same, is the number of L € ®* such that
w(L) € &~

Lemma 8 !'(w) is the number of hyperplanes P, that lie between § and w™'g.

Proof If L = L, € ®F, then w(L) € & if and only if L(w™'v) < 0 for v € §.
This means that P, is a hyperplane between § and w . O

From the Lemma, I'(w) < oco.
Proposition 46 Let w € Wyg and let s =s;,, L= L; for 0 <1 <r. Then

, U(w)+1 ifw(L) € o+,
Fws) = { V(w)—1 ifw(l) € d.

Proof We have I'(w) = |®T Nw™'®~|. Therefore I'(ws) = [T N s lw™1d|.
Applying s replaces this set with one of equal cardinality, so I'(ws) = |s®TNw™1®~|.
Now by Proposition 44, s®* is obtained from ®* by removing L = L; and replacing
it by its negative. From this it is clear that I'(ws) = I'(w) + 1 if L € w™'®™, that is,
if wL € &+, and I'(w) — 1 otherwise. O

Theorem 14 The Exchange property (Propositions 14 and 15) is true for the affine
Weyl group. The two definitions of the length function are the same: | = I'. Tits’
Theorem 23 remains true.

Tits” Theorem, in this context, says the following. Let B be the braid group
with generators wug, uy,--- ,u, subject to the same braid relations satisfied by the
s;. Then if w € Wy has two reduced representations w = s;, -+ - s;, = s;, - -+ 5, as
products of simple reflections with k = l(w), then u;, - - w;, = uj, -+ - u;

k

P
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Proof The proofs of Section 4 go through without much change. We leave the
details to the reader. (One also gets another proof that W,g is a Coxeter group.) O

Proposition 47 (Iwahori and Matsumoto) Let d € Q¥ and w € W. Let L = L;
where 1 <1< r. Then

(r(d)w) +1 if w(e) € Pt and (w(wy),d) <0,
or w(ay) € ¢~ and (w(w;),d) < 0.
Ur(d)wsi) = (r(d)w) —1 if w(e) € T and (w(w;),d) > 0,
or w(ay) € &~ and (w(wy;),d) > 0.
Moreover
l(r(d)w) +1 if w(a) € Pt and (w(ap),d) < 1,
or w(ag) € ¢~ and (w(ap),d) <1,
Hr(dwso) = yr(dyw) =1 if wlae) € & and (w(ag), d) > 1,
or w(ag) € = and (w(ap),d) > 1.
Proof Let 1 < < r. By Proposition 46, a necessary and sufficient condition for

I(T(d)ws;) = ( ( Jw) + 1 is that 7(d)w(L;) € ®*. This means that for v € §F we
need ((7(d)w) ' (v),a;) > 0, that is, (v—d,w(e;)) > 0. We may take v near the
origin. Then (v, w(«;)) will be small, while (—d, w(«;)) € Z. If (w(«;), d) is nonzero,
then (v — d, w(a;)) > 0 depending on whether (w(«;),d) < 0 or > 0. On the other
hand, if (w(a;),d) = 0, then (v —d,w(;)) > 0 or < 0 depending on whether w(«;)
is a positive or negative root, because v is in the positive Weyl chamber. This proves
the first case. We leave the second one (with ¢ = 0) to the reader, but similar
considerations suffice. U

Let us say that w € Wyg is dominant if w(§) is contained in the positive Weyl
chamber. If d € @QV then clearly d is dominant in this sense if and only if it is
dominant in the usual sense: (a,d) > 0 for all a € P.

Proposition 48 Suppose d € QY and that d is dominant. Then
) =Y (ad) = (2p,d).
acdt
Here p = %Za@ a is the Weyl vector.

Proof The length I(d) is equal to the number of hyperplanes H, j between § and
7(d)§. The hyperplane H,j lies between § and 7(d)§ if and only if 0 < k < (v, d).
There are (o, d) of this, and summing over «, the statement follows. O
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11 Extended Dynkin Diagrams and Coxeter Groups

Beyond the Dynkin diagram, there is also an extended Dynkin diagram for each
Cartan type. These too are tabulated by Bourbaki. The weights have a partial order
in which A > p if A — p = > kja; where «; are the simple roots and k; > 0. There
is a unique highest root with respect to this order. Let o be the negative root such
that —ay is this highest root. Then we adjoin g to the set {ay,- -, .} of simple
positive roots, and draw the extended Dynkin diagram by the same recipe as before
based on the angle between two (extended) roots: no edge between i and j if o; and
«; are orthogonal, double edge if they make an angle of 27/3, and so forth. This
results in the extended Dynkin diagram.

Qo
e _
,/’// \\\\\ Type Ar
al_--7" o o3 Q2 Qp_1  “~o_
[ . e—  —e ° L %%
Qo
L]
|
|
|
. Type B,
|
a1 Qg Qs Qr—2 Qr—1 A
° ® *o— ° e———»

Type C,

Type D,

Table 3: Extended Dynkin diagrams of the classical Cartan types.
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ay é @ & Type G

] Type F}

®
a2I Type Eg

Q2
Type E7
Qoe-- -
« Qg (071 (075 (074

(&%)
[ I ! ] @ Type Es

*o—9o —o---0
Qg Q7 Qg

Table 4: Extended Dynkin diagrams of the exceptional Cartan types.

Given the extended Dynkin diagram, we may make a Coxeter group using the
same recipe that we used for the ordinary Weyl group. That is, it has one generator

s; for each node 7 in the diagram, with the braid relations:
if 2 and j are not joined by an edge,

SiS; = 8555

5i5j8; = 5j5i5; if 7, 7 are joined by a single edge,

5i5j8;Sj = 5j5;5;5; if 4, 7 are joined by a double edge,
if 4,7 are joined by a triple edge.

SZ'SjSiSjSiSj - SjSiSjSiSjSi
(1) (1)
r ,Cr 9 ct

We have already seen that this is the affine Weyl group, and it is denoted Agl), B

in the notation of Kac, Infinite-dimensional Lie algebras.
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12 Roots and Coroots

If G is a semisimple algebraic group, there are two root systems ® and d associated
with G, which are in duality: there is a bijection @ — & from the roots in ® to the
coroots in ®. The Weyl groups W are isomorphic, but long roots in ¢ correspond to
short roots in ®.
For many purposes it is useful to put the roots and coroots in the same vector
space V', so that we can write (as we have been writing)
v 2a

a’l = (a.a) (54)

However ® and & arise differently, and in this section we will describe them as living
in different vector spaces, V and its dual space V*. The reason we may put them
together is that the ambient space V' of ® has a W-invariant inner product, so we
may identify it with V*. But let us keep them separated for the moment.

Let T be a maximal torus of GG, which we will assume to be defined and split over
F. Thus T' = G}, for some r, the rank of G. We will denote by X, (T) = Z" the
group of one-parameter subgroups, that is, algebraic homomorphisms G, — T, and
by X*(T') =2 7Z" the group of rational characters, that is, algebraic homomorphisms
T — Gy,. There is a dual pairing between these groups, since given a one parameter
subgroup ¢ : G,, — T and a character A\ : T'" — G},, the composition is an
endomorphism of Gy, of the form z — 2%, so (i,\) — k gives a pairing X, (T") x
X*(T) — Z. We will denote this by (, ).

Let V=R ® X*(T) and V* = R® X,(T'). The roots ® will live in V/, and the
coroots ® will live in V*. The roots, as we have mentioned, are the nonzero elements
of X*(T) that occur in the adjoint representation Ad : G — End(g), where g is
the Lie algebra of G. The coroots are elements of the dual module of X*(7') that
implement the simple reflections. That is, we have for every root « a simple reflection
Sq : X*(T) — X*(T), and there is a unique element ¥ of the dual module X, (7T')
of X*(T) such that for A C X*(T") we have

5a(A) =X =\, aY)a.

Then oV is a coroot.

If G and G’ are connected algebraic groups, an isogeny is a morphism f : G — G’
that is a finite covering map. The map f will be surjective in the sense of algebraic
groups. However the induced map G(F) — G'(F) may not be surjective if the
ground field F' is not algebraically closed. For example if F' is a finite field, G(F)
and G'(F') will have the same number of elements. Given ¢’ € G'(F') there exists
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g € G(F) such that f(g) = ¢/, but ¢ may not be rational over F. For semisimple
algebraic groups, the kernel of an isogeny f will always be a subgroup of the finite
center.

The semisimple group G is simply-connected if there are no nontrivial isogenies
G’ — @G. If the ground field is C, this is equivalent to G(C) being simply-connected
in the topological sense. We say G is adjoint-type if there are no nontrivial isogenies
G — G'. This means that the center of G is trivial.

Given a Cartan type, there is a unique simply connected group in the correspond-
ing isogeny class, which we will denote Gy.. It has a finite center, and we will denote
G/ Z(Gye) as Gaq, the adjoint form. The group m1(Gaq) = Z(Gy.) is a finite abelian
group. It may be shown that it is isomorphic to P/@Q) where @) is the root lattice
(spanned by the roots in V') and P is the weight lattice (consisting of A € V' such
that (A, ") € Z for all coroots V). It is given in the following table for the simple
Cartan types.

Cartan Type T1(Gaq)

Ar Zr—f—l

B, Lo

C, Zsy

D { Zy r odd

" Zoy X Zoy T even (Zp =7/n7)

E6 Zg

E- Zo

FEyg 1

F4 1

Gy 1

Table 5: Fundamental groups of simple groups of Lie type.

Let Ty. and T,q be split maximal tori in Gg. and G4, arranged so the isogeny
Gse — Goq maps Tye — Toq. The fundamental group of G,.q is the center of Gg..
We have maps:

X*(TSC) X (Tsc>
! 7 (55)
Xi(Taa) X*(Taa)

They are of course all injective. It is useful to bear in mind that the roots span
X*(T,q) and that the coroots span X, (7).
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It is useful to have embeddings SLy, — G which have good integrality properties.
One way to do this is to realize the Lie algebra gr = F ®zgz where gz is a Lie algebra
defined over Z. It was proved by Chevalley, Sur certains groupes simples, TAhoku
Math. J. (2), 7:14-66, 1955, that every semisimple complex Lie algebra gc had such
a basis. By tensoring this with an arbitrary field F', one obtains a Lie algebra gp,
and the Lie algebras of semisimple split reductive groups can all be obtained this
way.

To give a bit more detail, the semisimple Lie algebra g = gr decomposes via the
adjoint representation as

g=1t® P g

acd

where t is the Lie algebra of 7" and g, is the root eigenspace. Chevalley showed that
we may choose elements X, of g, such that [X,, Xg] = £(p+1)Xs1p when a, 5 € ®
are such that a 4+ (3 is a root, where p is the greatest integer such that § — pa € .
Moreover, if H, = [X,, X_4] then H, € t, and [H,, Xg| = (0,a") Xg. Thus the
H, € t themselves form a root system isomorphic to Ci), and sometimes the H, are
called coroots, though we will use that term differently.

The group G,q may then be taken to be the group of inner automorphisms of g.
The group G, may be taken to be the universal covering group of G,q.

For every a € ®, the elements X,, X_, and H, satisfy

[HaaXa] = 2XO£> [HOHX*C%] = _2X*0¢? [XOHX*Q] = Ha'

These are the defining relations of the SLy Lie algebra. Since SL is simply connected,
it follows that there is a homomorphism i, : SLy — G such that the induced map
di, on Lie algebras that satisfies

. 1 . 01 . 0 0
dza( _1)—Ha, dza(o 0)—Xa, dza(l 0)—X_a.

As elements of X, (T), the coroots are the homomorphisms o : Gy, — T defined

by
. t
tr—wa( t_l).

It would be correct but potentially confusing to write this as oV (t) so we will write
instead

hov (1) = i, ( - ) . (56)
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We will also make use of homomorphism z,, : F — G(F') defined for o € ® by

2o (1) = ia( b ) . (57)

x_a(u):ia(i 1).

Proposition 49 Ift,u € F and t # 0 then for a, 3 € ® we have
o () 5(w)hov (1) = 25t ). (58)

Then

If w e W then
whyv (t)w_l = hw(a)v (:tt). (59)

Proof Equation (58) is an exponentiated version of the formula
Ad(hav (1) X5 = 1P X4,

which is what we will verify. Since Xz spans a root eigenspace and i, t -1
. . . t .
there is some integer k such that Ad ( i, < -1 X5 = t*X;. To determine k,

we remember how to pass from an action of the Lie group to the Lie algebra: we
differentiate and set t = 0. In other words, if p : G — GL(V) is a representation
and X € g, v eV then

d
dp(X)v = — exp(tX)vli=o.

dt
If p = Ad then dp = ad. Thus
d d . d .
ad (Ha) X/g = EAd@Ha)XBh:O = EAd (%% 6_1 Xﬁ |t:0 = %6 Xﬁ|t:0 = k‘Xﬁ

On the other hand, ad(H,)Xg = [Ha, Xg| = (,a") Xp. Therefore k = (5, a").
The action of W on T'(F') and hence on X,(T'(F')) is by conjugation, and so (59)
is also true. U

Let us consider an example. Let G = Sp,. This group is simply-connected. It is
the group of g € SLy4 such that
-1
-1

—_
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Then g is the Lie algebra of matrices of trace 0 satisfying X.J + J!X = 0. Let T be
the diagonal torus
ty
lo
ty
t

The simple roots a; and a5 are the characters ¢;¢; Land t2. The Chevalley generators
include

0 1 0 1
0 10 -1
qu - 0 _1 9 X—Oq - O 9 Hoq - 1
0 -1 0 -1
0 0 0
0 1 0 1
Xag - 0 9 Xaz - 1 O I Hag - _1
0 0 0
We have
a b 1
) a b\ c d ) a b\ a b
tn \ wog ) T a —b |’ taa \ v g ) T c d
—c d 1

So the the coroots, as elements of X, (7'), are the homomorphisms Gy, — T given

1 1

The differentials of these maps send the unit vector to H,, and H,,, respectively.
We have
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1 U 1
Lay+as (u) = 1 ’ T2a1tas (U) - 1

1 1

The x_,(u) with a € &% are the transposes of these matrices.

Exercise 11 Check (58) for various ¥ and .

To get started on the exercise, suppose a¥ = af and 3 = a3 + ay. To calculate
the inner product (o, 3), we embed the root system in Euclidean space by the usual
type C embedding (Example 3). In this embedding

Oé1:€1—62:(1,—1>, 042:282: (0,2)

Although we have been avoiding using (54) we use it now for the purpose of com-
puting inner products, and find that

Oéi/ = (17 _1>7 Oé;/ = (07 1)

Therefore 8 = a1 + ay = (1,1) and (af,5) = 0. Indeed, hqy(t) and Ta, q,(u)
commute, confirming (58).

13 The Affine Weyl group in a p-adic group

Let G be a split, simply-connected, semisimple affine algebraic group over a nonar-
chimedean local field F'. Let other notations be as in the last section. We have
already seen that N(T'(F))/T(F) is isomorphic to the ordinary Weyl group. In this
section we will show that N(T'(F'))/T (o) is isomorphic to the affine Weyl group.

The Lie algebra g = gp is a finite-dimensional vector space over F. The Lie
subring g, = 0® gy is a lattice, that is, a compact open o-submodule of this F-vector
space. The stabilizer of g, in GL(g) is a compact open subgroup of GL(g), and so
the stabilizer of g, in the adjoint representation of G(F') on g is a compact open
subgroup of G(F'), which we will denote by G(0). It contains, and is generated by,
the groups x,(0) as a runs through the roots of G.

With x, as in (57), let

U(F) = (zo(F)|la € %), U_(F) = (za(F)la € @), B(F) =T(F)U(F).

We will denote by T'(0) the intersection of G(o) and T'(F'), and similarly for the
groups U, U_ and B.
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Before we consider the general case let us consider the case G = SL,;;. In this
case, we recall the affine Dynkin diagram is as follows:

So what we are claiming is that N(7'(F))/T(o) has generators si,---,s, and sg
subject to the relations

2 _
s; = 1
S$iSi+15; =  Si+15iSi+1
5i8; = 5;8; if j=+1+ 1 modr

where the indices are taken modulo r, so that in the second relation (i,7 + 1) can be
(0,1) or (r,0). Due to the cyclic symmetry of the diagram, there is an automorphism
7 such that 7(s;) = s;11.

Representatives for the s; may be taken as follows:

Iy

0 1 .
Si - _1 O Y (1 g ? g r) (60)
]r—z
and
o 1

So = ]r—l ’ (61)

(_1)r+1w

where w is a prime element. It is understood that these are actually cosets of T'(0)
in N(T'(F))/T (o). It is straightforward to see that these generators satisfy the given
relations.

Exercise 12 Check this.

To obtain an explicit isomorphism of N(T'(F'))/T (o) with the group generated
by (80, 81, 82) let us consider the action of G on F"™! by matrix multiplication. This
induces a map of N(T(F)) on F"!/o™™1 = 7™+ Tt preserves the subgroup M, of
v = (v;) such that _ v; = 0. We extend this to a vector space V=R ® M,. Then s;
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(1 < i < r) acts by the usual Weyl group action. On the other hand s is the affine
transformation that sends

(5] Upg1 + 1
V2 V2
v = —
(U vy —1

Since ag = (—1,0,---,0,1), this is the reflection in the hyperplane (ap,v) = —1, as
required.

Turning next to the general case, we have already explained how the coroot lattice
Q" is isomorphic to X, (T). In the case where F is an nonarchimedean local field, this
gives an isomorphism Q" = T(F)/T (o). Indeed, if « € ® we map a" to hov(w™1).
Since we are dividing by T'(0) this does not depend on the choice of prime element
w. We extend this map to Q¥ — T'(F')/T(0) by linearity, and denote the image of
de QY by @

Theorem 15 Assuming that G is semisimple, split and simply-connected, there ex-
ists an isomorphism Wog — N(T(F))/T(0). In this isomorphism, the image of Q"
is T(F)/T(0) More precisely, the translation 7(d) € Wag for d € QV is mapped to

w™?, and the reflections s; are mapped to elements with the representatives

. 1 . . w !
si:zai<_1 ) (t=1,---,r1), sozzao(_w )

By abuse of notation we will use the same notation for these elements of N(T'(F'))/T (o)
as for the corresponding elements of the affine Weyl group.
Proof We must check that these embeddings are compatible, that is, that ww™
wwww™! for d € Q¥ and w € W. This follows from (59). We conclude that the
advertised isomorphism exists.

Now we need to check that s; corresponds to the right reflection in the affine
Weyl group. This is clear for sq,--- ,s,. As for sy, we write

‘ w! . w ! . 1 Qv . 1
[ =i _qq S L = @i | 4 :

This corresponds to 7(—ag)ra, in Wag, which is the reflection in the hyperplane
(g, v) = —1, as required. (We are using the notation r,, to denote the reflection
determined by r,, in W.) O

w(d)
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Proposition. Ifd € QY we have

@z (u)w? = zo(w ). (62)

Proof This follows from (58). 0

Exercise 13 Suppose that G = SLy. Show that with this identification of N(T'(F'))/T (o)
with the affine Weyl group, the length function is

z(p _a>:]2a|, z<a p):yza—u.
p p

This concludes our discussion of the case where (G is semisimple and simply-
connected. Let us indicate what happens if these conditions are relaxed.

Without the assumption that G is semisimple and simply connected, we may
construct a homomorphism of Q¥ into T'(F')/T(0) as above. However in general the
map is not surjective.

First consider the case where G = GL,,;. In this case, the affine Weyl group
must be enlarged. The generators sg, s1,- -+ , s, defined by (60) and (61) must be
supplemented with another one:

Since the determinant is not in 0*, the coset of ¢ in N(T'(F'))/T (o) has infinite order.
It may be checked that
tsit™h = sip1,

where the elements are taken to be periodic, i.e. s,11 = so. Therefore N(T'(F"))/T (o)
is a semidirect product of the Coxeter group W, generated by the s; by an infinite
cyclic group: N(T(F))/T(0) = Wag % Z.

If we are working over PGL, 1, which is semisimple, the story will be the same,
but t"*! is a scalar matrix, and is in the center, so t has finite order r + 1. In this
case, N(T(F))/T(0) = Wag x Q, where € is the cyclic group (t) of order r + 1.

This is typical of the general semisimple case. If G is a split semisimple group
that is not simply-connected, then the fundamental group m(G) is a finite abelian
group which acts on the extended Dynkin diagram. It therefore has an action on the
affine Weyl group, and N(T'(F'))/T(o0) is the semidirect product W,g x m1(G).
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14 The Iwahori-Bruhat Decomposition

After the Bruhat decomposition was found in the 1950’s, it was extended in generality
by Chevalley and Borel. Tits gave a fully axiomatic approach (1962). A completely
unexpected instance of Bruhat’s axioms was found by Iwahori and Matsumoto, in
a p-adic group. The (noncompact) Borel subgroup B is replaced by the (compact)
Iwahori subgroup, and the (finite) Weyl group W is replaced by the (infinite) affine
Weyl group Wg.

Let G be a split, simply-connected semisimple affine algebraic group over the
nonarchimedean local field F'. Notations will be as in the preceding section. The
Iwahori subgroup J, we have noted, consists of k € G(0) such that the image of k
in G(F,) lies in the Borel subgroup B(F,). Let Iy = {so,s1,---,s,} be the set of
simple reflections, together with the “affine” reflection sq.

Theorem 16 (Iwahori and Matsumoto) Let G be a split, simply-connected semisim-
ple affine algebraic group over the nonarchimedean local field F'. The data (J, N(T(F), Iy)
are a Tits’ system. Therefore

G(F)= |J JwJ  (disjoint).

wEWag

The proof will occupy the present section. The main thing to be verified is
Axiom TS3 (Section 7).

Let us consider how this will change if G is not simply-connected. In this case,
we have already explained, there is still a homomorphism from the coroot lattice QY
to T'(F)/T(0), but this homomorphism is no longer surjective. It must be supple-
mented by another subgroup 2 of N(T'(F)), as at the end of the last section. If G
is semisimple, then  is isomorphic to the fundamental group m (G), which can be
viewed as a group of automorphisms of the extended Dynkin diagram.

The general case where GG is reductive was considered by Bruhat and Tits.

For the rest of the section we will assume that G is split, semisimple and simply-
connected.

Let U be the unipotent algebraic subgroup generated by the z,(u) with a € 7.
Let U_ be the unipotent subgroup generated by the z,(u) with o € ®~. If a is any
fractional ideal let U(a) be the group generated by z,(u) with v € ®* and « € a,
and similarly for U_(a).

The following fact is very important.

Proposition 50 (Iwahori Factorization) We have

J =U_(p)U(0)T (o).
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That is, the multiplication map U_(p) x U(o) x T(0) — J is bijective. The three
factors can be written in any order.

Proof Rather than prove this in general we prove it for SL3 in order to make the
ideas clear. Let

tl U1 Uo
g=| vi ty u3 e J
vy vz 3

We will show that g € U_(p)B(0). The u; € 0, v; € p and since g is invertible, the
t; are units. Now we may multiply on the left by

which is in U_ (p); this annihilates vy. For the purpose of showing that g € U_(p)B(0),
we see that we may assume v, = 0. Next we may multiply on the left by 2_,, (—v1t; ")
and arrange that v; = 0. Finally, we use 7_,,(—vst;') to arrange that vz = 0.

Now we know that J = U_(p)B(0), we may use the fact that B(o) = T(0)U(0) =
U(o)T(0) toseethat J = U_(p)T(0)U(o) = U_(p)U(0)T(0). We also have U_(p)T'(0) =
T(0)U_(p), a semidirect product with U_(p) normal. This allows us to put the U_(p)
in the middle if we want. We see that the factors may be in any order.

This same proof works for general G, and we leave this to the reader. See
Lemma 11 for a similar situation. O

Lemma 9 Ifu e U_(p) and w € W then wuw™' € J. Ift € T(0) then wtw™' € J.

There is an abuse of notation here, since w is actually a coset of N(T'(F))/T (o).
The truth of wtw=! € J is independent of the choice of w.
Proof We may assume that u = z,(v) with v € p. Then wuw ™ = 2(q)(ev) where
e is a unit. If w(a) € & then this is in U(o). If w(a) € &~ it is in U_(p). Either
way it is in J. Also wT (o)w™! = T'(0) since we chose the representatives w of W to
be in the normalizer of T'(0) in G(o). O

Lemma 10 Suppose that o € ®, a # ag. Suppose that v = x,(v) where either
a€® andv€oorac ® andv €p. Then sy usy € J.

a\/_ 1 - a\/
Sop = W Ozao(_l )—w O Tap-

7

Proof We write



Then
VvV VvV
sy tusy = r;ola:a(w_<a0 ’C“)v)r% = :B,,ao(a)(w_@o ’a>v).
By abuse of notation we are using the notation r,, to denote both the reflection r,,
. ) . 1.
in W and its representative i_,, ( 1 ) in T'(F)/T(o).

First assume that a € ® and v € 0. Since —qy is the highest root, (g, a) <0
by Proposition 41. If (ay,a) < 0 then this is in J by Lemma 9. On the other
hand if (og, ) = 0 then r;)(a) = o since ap and « are orthogonal roots, and so
N Yuso =u € J.

Next assume that a € &~ and that o # «ap. In this case we are also assuming
that v € p. Then (o, @) > 0 by Proposition 41. Indeed, by Proposition 41 and our
assumption that a # g we have (ag, a) < (o, ap) = 2. Since (o, ) is an integer,
{af,a) < 1. if {a,a) < 0 then wlede)y ¢ p and sousy = Tp, (o) (w_<°‘g’o‘>v) eJ
by Lemma 9. We are left with the case (o, @) = 1. In this case o @0y € o
Moreover 7,,(a) = a — (o, @) 9 = o — . This cannot be a negative root since

—qyp is the highest root, and so a:ao(a)(w%ag’a)v) e Ulo) C J. O

Iwahori and Matsumoto showed that the Iwahori subgroup satisfies Bruhat’s
axioms, giving rise to a Bruhat decomposition based on the affine Weyl group. The
next result is a first step towards this goal.

Proposition 51 If w € W and l(ws;) = l(w) + 1 then wJs; C Jws;J.

Proof First assume that 1 <i < r.

Using the Iwahori factorization, we may write an element of wJs; as wu u_ts;
where u_ € U_(p), t € T'(0) and uy € U(0). By Lemma 9 u_ts; € s;J, so we may
assume that the element is of the form wu,s;. Now we write u, as a product of
elements of the form z,(v) with v € 0. If & # o; we have s; ', (v)8; = 2,(a)(v) and
si(a) € @ so this is in J. Therefore we may handle all the z,(v) this way except
only one root a = a;. It is thus sufficient to show that wz,, (v)w™! € Jw.

We may write w = w % where w' € W and d € QY. By (62) we have

W, (V)W = @ W (0) (V)T = Ty () (@ P (@), By Proposition 47 we have
either (w'(c;),d) < 0 or (W(a;),d) = 0 and w'(e;) € ®*. Assume first that
(w(e),d) < 0. Then w4 @)y € p and @y (e, (@4 (@) € J regardless of

whether w'(«;) is a positive or negative root. On the other hand if (w'(«;),d) = 0, we
are guaranteed that w'(a) € ®F. In the second case we also have T (q,) (w4 (@))y) =
$w/(ai)(1}) e J.

It remains for us to treat the case © = 0. We may use the Iwahori factorization
again to write an element of wJsy as wu_u,tsy where u_ € U_(p), t € T'(0) and
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uy € Uy(0). We have, as before tsy € soJ, and we may write u_ and u, as products
of factors z,(v) where either « € ®* and v € 0 or & € &~ and v € p. In every case
except a = ag we have u,s9 € soJ by Lemma 10.

We are therefore left to show that wz.,(v)w™' € J. We write w = w %
where w' € W and d € @Y. By Proposition 47 we have either (w'(ap),d) < 1 or
(w'(ag),d) = 1 and w(ap) € . Now consider o, (V)W = Ly (aq) (@740 (@0)y),
Since v € p if (w'(ap),d) < 0, then ¥ (@0)y € p and so wre,(v)w™' € J by
Lemma 9. On the other hand if (w'(ag),d) = 1 and w'(ag) € ®F then wi~¢w (@) ¢
0, and in this case wz,,(v)w™' € U(o) C J. O

d

Proposition 52 If 0 < s; < r then s;Js; € JU Js;J.

Proof First assume that 1 < i < r. We may write an arbitrary element of J as a
product of factors of the form ¢t € T and x,(v) where either v € 0 and « € ®T or
v € pand o € P~. Except in the case o = a; we have s} '2,(v)s; = 24,(0) (V) € J,
because if a € & and o # «; then s;(a) € ®F, while if @« € &~ then v € p and
s0 87 'wa(v)s; € J by Lemma 9. Also s; 'ts; € T(0) € J. In conclusion, every one
of the factors except one may be moved across s;. We are left with showing that
SiTa; (V)s; € JUJs;J. We have v € 0. If v € p then we may use Lemma 9. Therefore

we assume that v € 0. We make use of the identity

DG e )

Applying i,,, this leads to

- _ . v —1
St Ty (V) Sa, = Tay (—07 ") Sa,la, ( -1 ) € Jsa,J.

This concludes the proof when 1 < i < r.

Next assume that ¢ = 0. We leave it to the reader to check that if a # oy and
either v € 0 and a € ®F or v € p and o € &, then s, 7, (v)sy € J. This leaves us
to consider the case where o = oy and v € p. It may also be checked that if v € p?
then s;' 74, (v)sg € J. Therefore we may assume that v = we where ¢ is a unit. Now

we use the identity
—w! 1 w1 _
w we 1 —w o
1 w ! —e1
—lw 1 —w w —
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Applying i_,, shows that sy 4, (wwe)se € C(s0). O
Exercise 14 Verify the claim in the above proof that if i = 0 and « # «g and either v € 0
and o € ®F or v € p and a € &7, then s w,(v)sg € J.

We will use the notation JwJ = C(w) as in Section 7. Then the content of Propo-
sition 51 may be written C(w)C(s;) = C(ws;) if [(ws;) = [(w)+1, and Proposition 52
may be written C'(s;)C(s;) C C(1) UC(s;).

Theorem 17 If w € Wog and 0 < i < r then
wJs; C Jws;J U Jwd.

Proof This may be written C'(w)C(s;) C C(ws;) UC(w). If l(ws;) = I(w) 4 1, this
follows from Proposition 51.

Therefore we assume that [(ws;) = [(w) — 1. Let w' = ws;. Then [(w's;) =
[(w")+1 and so by Proposition 51 we have C(w’)C(s;) = C(w's;) = C(w). Therefore

C(w)C(s;) = C(w'")C(s;)C(s;).
By Proposition 52 this is contained in
C(w")C(s;)) UC(w")C(1) = Cw) UC(w') = C(w) U C(ws;),
as required. O
This gives us Axiom TS3. The other axioms we leave to the reader.

Exercise 15 Verify the remaining axioms of a Tits System. Hint: For Axiom TS5, you
must show that G is generated by J and N(T'(F)). Show that conjugates of U(o) by
elements of T'(F') contain all of U(F'), and so the group generated by J and N(T'(F))
contains B(F).

This concludes the proof of Theorem 16.

Lemma 11 Ifu € U_(F) then u € G(o)B(F).
Proof We write

u= H Zo(Uq), Uy € F.

acd—

We order the roots so that if 3 comes after o in the product, then either § — « is
not a root or 8 —a € ®*. We may accomplish this by taking the negative roots «
such that the inner products (—p, a) are in nonincreasing order.
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Now we modify u by left multiplications by elements of G(0) and right multipli-
cation by elements of B(F') so that until all u, are 0. Let « be the first root such
that z,(us) # 0. If uy € 0, we left multiply by zo(—us). If u, € o then we left

1

multiply by i_, < 1w > We have

i ( . ula )xa(u) =i, ( “ UL ) € B(F).

Conjugating the remaining xz(ug) by this element of B(F') produces commutators
that are in B(F') by the way we have ordered the roots. In either case, we are able
to replace u, by 0. Continuing, eventually all u, are zero. U

Theorem 18 (Iwasawa Decomposition) We have G(F) = G(0)B(F) = B(F)G(o).

Proof Using the Iwahori-Bruhat decomposition, it is sufficient to show that JwJ C
G(0)B(F), where w € W, may be written w = w't with w’ € W and t € T. Now
Jw' € G(0) so what we must show is that tJ C G(0)B(F). Using the Iwahori
factorization, we write a typical element of J as u_b with u_ € U_(p) and b € B(o).
Now tu_t~' € G(0)B(F) by the Lemma, so tu_b = (tu_t"')tb € G(0)B(F). a

The following decomposition is called the Cartan decomposition by analogy with
the corresponding decomposition in Lie groups. However in this p-adic context the
result is actually due to Bruhat.

We will say that an element of d € QY or its ambient vector space is dominant if
(d,a) > 0 for all &« € ®*. Then (because we are assuming G to be simply-connected)

the w? with d € Q¥ dominant form a fundamental domain for the action of W on
T(F)/T (o).

Theorem 19 (Cartan Decomposition) We have

GF)= |J Gl)="Gle) (disjoint).
de QY

d dominant

Proof We have
GF) = |J Jwi= |J Juwz'J

WEWasgt de QY
weWw

where @™ € T(F) and w € G(o0). This shows that G(F) = Ueqv G(0)w?G(o0).
Since G(0) contains representatives for W, we may conjugate @? by W and assume
that d is dominant.
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We will omit the proof that these double cosets are disjoint. For GL,,, we proved
it in Proposition 35. For the general case, see Bruhat, Sur une classe du sous-groupes

compacts maximaux des groupes de Chevalley sur un corps p-adique. (French) Inst.
Hautes Atudes Sci. Publ. Math. No. 23 1964 45-74, ThAorAm 12.2. O

15 The Iwahori Hecke algebra

We continue to assume that G is semisimple, split and simply connected and following
Iwahori and Matsumoto we consider the structure of the Iwahori Hecke algebra.

It will be convenient to normalize the Haar measure so that J has volume 1.
Then H, is the ring of J-bi-invariant functions. The convolution is then normalized
thus:

(¢1*¢2 /¢1 gh <Z52( )dg

Since we have a set of J double cosets in the affine, let ¢, be the characteristic
function of BwB for w € Wg.
We have an augmentation map € : H — C defined by

_ /G 8(g) do

Lemma 12 We have (¢ * ¢2) = e(¢1)e(¢2).

Proof Indeed e(¢y * ¢2) = [, [, 01(gh™") ¢2(h) dh dg. Interchanging the order of
integration and substituting ¢ — gh, the integral factors as required. U

Lemma 13 Let G be a group, H a subgroup, and x € G. Then the cardinality of
the coset space HvH/H is [H : HNzHz™!].

Proof Now if K and H are arbitrary subgroups of G then the inclusion of K
into K'H induces a bijection K/(H N K) — KH/H. (The coset spaces here are
not groups since we are not assuming that H is normal.) Indeed, the composition
K — KH — KH/H is certainly surjective, and two cosets kH = k'H with
k, k' € K are equal if and only if k=&’ € H; since k'K’ € K, this is equivalent to k
and &’ having the same image in K/(H N K).

Left multiplication by 7! commutes with right multiplication by elements of H,
hence induces a bijection HvH/H — x 'HxH/H = KH/K, where K = v 'Hz.
Therefore HxH/H is in bijection with x ' Hx/(H Nz 'Hz). Now conjugating by
x, this is equivalently in bijection with H/(xHx~' N H). O
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Proposition 53 Let w € W. Then
(b)) = |JwJ/J| = [JNwJw™ .

Proof Since ¢, is the characteristic function of Jw/J, it is clear that e(¢,,) is the
volume of this double coset. This equals the number of right cosets in Jw.J/J since
each of those cosets has volume 1. Il

We will say that an element of d € Q¥ or its ambient vector space is dominant
if (d, ) >0 for all & € ®*, and antidominant if —d is dominant. More generally, if
w € Wg, we say that w is dominant if w§ is contained in the positive Weyl chamber
C, and antidominant if wg is contained in —C.

Lemma 14 Suppose that d € QV is dominant, and let w = w?. Then &(¢y,) = ¢'™).

Note that w? is antidominant, since the embedding of Theorem 15 sends 7(d) to
w~¢. Thus w actually corresponds to —d.
Proof We note that wU(o)w™" C U(o) while wU_(p)w™ D U_(p). Indeed, by
(62) and our assumption that d is dominant, we have wz,(0)w™" C z,(0) if a € T,
while wz,(p)w™ D z,(p) if a € .

Both groups J and wJw™! have Iwahori factorizations, J = U_(p)T(0)U(0) and

wJw™ = (wU_(p)w )T (o)(wU(0)w ™).
It follows that
JNwJw ' =U_(p)T(o)wU(o)w™!

Indeed, it is clear that the right-hand side is contained in the left-hand side. For
the other inclusion, if we have an element g of J and write it as ¢ = u_tu with
u_ € U_(p),t € T(o) and u € U(o), and if it also equals v’ t'v’ with ' € wU_(p)~1,
t € T(o) and v/ € wU(0o)w™!, then u='v" = tu(t'u')™' € U_(F) N B(F). The
intersection of these two groups is trivial, so u_- = «', and so ¢ = v’ tu is in
U_(p)T(0)wU (0)w™".

We see that [J : JNwJw™ '] = [U(o0) : wU(0o)w™!]. This index is, again by (62)

1 [za(0) s waa(e)w™] = [] [zalo) : waa(p®)w™] = ] ¢"*.

acdt acdt acdt

By Proposition 48, this equals ¢@. U
Proposition 54 Let 0 < i <r. Then e(¢s,) = q
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Proof We leave it to the reader to check that if 1 < ¢ < r then sZ-Jsl-_l =
U_(p)T(0)U;(0) where

o = T { o) Ko

Zq(0) otherwise.

The index in J equals [U(o) : Uj(0)] = ¢. Similarly if i = 0 then s;Js;' =
U (p)T(0)U(o) where

b r.(p?) if a = ay,
U-(p) = H { To(p) otherwise,
and again the index is q. U
Now let G be a group and H a subgroup. We will assume for all x € G that
i(r) < oo, where i(z) = |HxH/H|=[H : HNxzHz1].
Lemma 15 Let G be a group and H a subgroup. Define i(x) = H NxHz™!' for
x € G. Suppose that x,y € G. Then i(zy) < i(x)i(y).
Proof We have i(y) = [H : H NyHy '] and conjugating by z, i(y) = [tHx™! :
rHz™' N (zy)H(zy)™']. Intersecting with H can only decrease the index, so
[HNzHz™': HNaHz ' 0 (zy)H(xy) ™' <i(y).
Now
i(zy) = [H : HN (zy)H(xy) ']
[H:HNxHz ' N (zy)H(xy) ] =
[H:HNxHs Y[HNzHr ' HNzHe ' N (vy)H(zy) ]

VAN

N
N
8
=
—~
&

Theorem 20 Let w € W,g. Then e(¢,) = ¢').

Iwahori and Matsumoto deduce this quickly from Proposition 54. It seems to me
that there is a gap in their proof, which I fill using Lemma 14.
Proof By Proposition 53 and Lemma 15 we have £(duuw) < €(¢dw)e(pur). Using
this fact and Proposition 54 it follows that e(¢,) < ¢'™), after factoring w into a
product of simple reflections.
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We claim that for every w € W,g there exists a w' € Wag such that [(w'w) =
l(w)+1(w') and £(dyry) = ¢H) | By Lemma 14 it is sufficient to find w’ such that
w'w € QY, with w'w an antidominant element of QV. It is easy to see geometrically
that we may find a path from wg to the negative Weyl chamber that does not cross
any of the hyperplanes H, ;between § and wg§, and we may arrange that the path
ends in an alcove w'wg§ that is a QQV-translate of §. Since the path does not recross
any hyperplane that it has already crossed, [(w'w) = l[(w") 4+ I(w).

Now we have

ql(w)+l(w’) = 5(¢w’w> < €<¢w’)€<¢w) < ql(W/)€(¢w>’

s0 £(¢y) = ¢"™). We have proved both inequalities and the statement follows. O

Corollary 1 If l(ww') = l(w) 4+ l(w") then Gy = Gu * Dur.

Proof In the integral
(6% 6)(9) = [ Gulgh™)ur(h) do
a

the integrand vanishes unless gh™! € Jw.J and h € Jw'J, which implies that g =
gh™t-hisin JwJ'- Jw'J. But by Proposition 51 we have JwJ-Jw'J = Jww'J. Thus
the convolution is supported on a single double coset and so ¢y, * Py = COyuy for
some constant ¢. We apply ¢ and apply the Theorem to get ¢/ +(w) = ¢gtw)+iw)
soc=1. U

Now we need to know the quadratic relations. We will leave some of the work to
the reader.

Exercise 16 Show that if 0 < i < r then JU Js;J is a group. Hint: if i # 0 then this is

U*(p) ia, (SL(2, 0))U" (o)

where ' '
U= J] =z, Up)= ][] zalo)
a€ P~ acdt
a# —q; a#

Show that this is closed under multiplication because i,,(SL(2,0)) normalizes the two
unipotent groups.

Proposition 55 Let 0 <@ < r. Then

¢§Z =(q— 1o, +q.
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Proof Since the support of ¢; is contained in J U Js;J, which is a group, gbi is a
linear combination of ¢y (the identity element in H ;) and ¢;,. Thus ¢2. = ags, + bo,
for some a and b. To compute b, evaluate at the identity. We have ¢;(1) = 1 and
¢s,(1) = 0, while

(@u 3000 = [ oMo )= [ an=11s/1 =

by Proposition 54. Therefore b = q. We apply the homomorphism ¢ : H; — C such
that e(¢,,) = 1 and obtain the relation ¢* = aq + b and since b = ¢ we get a = q — 1.
O

Taking W to be the Coxeter group W,g, we have an Iwahori Hecke algebra
H,(Wag), with generators 7; in bijection with the s;, subject to the quadratic rela-
tions and the braid relations. Using Tits’ Theorem (see Theorem 14) we may define
elements T, for w € Wyg by T, = T}, - - - T;, where s;, ---s;, = w is a reduced de-
composition for any w € W,g with I[(w) = k. It is easy to see that the T, span
Hy(Wag).

Theorem 21 We have an isomorphism H; — H,(Wag) in which ¢s, — T;.

Proof We have checked that the ¢; satisfy the quadratic relations in Proposition 55.
The braid relations follow from Corollary 1. For example, suppose that the order
n(i,g) of s;s; is 3; then s;s;8; = s;8;8;. Let w denote s;s;s;. Then l(w) = I(s;) +
I(s;) + 1(s;) and s0 ¢, = Ps, * P, * ¢, Similarly ¢, = @, * ¢s, * ¢, and so the
braid relation is satisfied. Hence there is a homomorphism H,(Wag) — H in which

E - ngi-
Since the T, span H,(Wag), and their images ¢,, are a basis of H, it follows that
this homomorphism is a vector space isomorphism. U

16 Bernstein-Zelevinsky Presentation

An important presentation was described by Bernstein in lectures but never published
by him. He proved it in collaboration with Zelevinsky, but they did not publish the
proof. The first proof was published in

e Lusztig, Affine Hecke algebras and their graded version. J. Amer. Math. Soc.
2 (1989), no. 3, 599-635.

Another proof, for GL,, only, is found in:
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e Howe, Affine-like Hecke algebras and p-adic representation theory. Iwahori-
Hecke algebras and their representation theory (Martina-Franca, 1999), 27-69,
Lecture Notes in Math., 1804, Springer, Berlin, 2002.

Another proof is found in:

e Thomas J. Haines, Robert E. Kottwitz, and Amritanshu Prasad. Iwahori-
Hecke algebras. http://arziv.org/abs/math/0309168, 2003.

The latter proof is less difficult than Lusztig’s but starts with different premises since
it does not begin with the abstract Hecke algebra given by the Iwahori-Matsumoto
presentation.

We start with a root system ® in a vector space V. Assume that ¢ spans V. We
recall that QV is the coweight lattice, and PV be the coweight lattice. This is the set
of \Y € V¥V =R ® Q" such that (\Y,«) € Z for all a € ®.

We recall that the affine Weyl group W,g is the group generated by the simple
reflections {sg, s1, - , 8.} in the walls of the fundamental alcove §. If d € QY we
denote by 7(d) the translation v — v + d. If we identify @V with its image under
7, then W,g is the semidirect product Weg x QV.

It is easy to see that translations by elements of PV also permute the alcoves,
though these are generally not contained in W,g. The extended affine Weyl group
W is group generated by 7(PY) and W,g. The whole group Wag then acts on VY,
permuting the alcoves, extending the action of W,g in which QY acts by translations.

Remark 2 The extended affine Weyl group arises as follows. As we have seen, if
G is a split semisimple group over a local field F' that is simply connected then
N(T(F))/T(0) = Wag. If G is not simply-connected the group N(T'(F))/T (o) is
larger than Wg. In the extreme case where G is of adjoint type, then N(T'(F))/T (o) =
Wast-

There is a difference between the actions of Q¥ and PV on the alcoves. If \Y € PV
but AV ¢ @V, the translate F+ A" is an alcove, so it agrees with wg§ for some w € Wg.
However since \Y ¢ @Y, 7(A\Y) ¢ W,g. Thus the transformations v — v + \¥ and
v — wv are not the same. Both transformations take § to the same alcove, but in
a different spatial orientation. This leads to the following Proposition.

Proposition 56 The finite abelian group PV /QV is isomorphic to the finite group
Q of affine linear maps in W that stabilize §. Since {so, - ,s.} are the reflections
in the walls of §, this means that if t € Q then s; — ts;t™! is a permutation of
{50, ,5.}. The group Wag is the semidirect product Wog x (PY/QV) by this finite
group of automorphisms.
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Any automorphism of the Coxeter group W,g that permutes the generators must
preserve the braid relations, which are encoded in the extended Dynkin diagram.
The group PY/Q" can therefore be interpreted as a subgroup of the group of auto-
morphisms of the extended Dynkin diagram.

Proof Conjugation by an element of the subgroup € of W,q that stabilizes §
permutes the reflections {sg, - - , s,} in the walls of §, and so it normalizes the group
Wee that they generate. If \Y € PY then 7(A\Y)§ = § + AV is an alcove, so there
exists a unique w € W,g such that wr(A\V)F = F. Now wr(A\Y) € Q. Hence Wyg - 2
contains W,g and PV with W4 as a normal subgroup, and since these generate Waff,
we have Wyog = Wag x Q. O

We extend the length function on W,g by writing {(wt) = I(w) when t € Q.
Therefore elements of {2 have length zero.

Proposition 57 If w € Wag then l(w) is the number of hyperplanes H, i between §
and wg§.

Proof; If w € W,g then this follows from Lemma 8 and Theorem 14. For general
w € Weg, there is w' € Wyog and ¢t € € such that w = w't. Now w§ = w'§ and
[(w) =l(w'), and the statement follows. d

We say that \Y € PY is dominant if (a;, A\Y) > 0fori=1,--- 7.
Proposition 58 Let \Y is a dominant element of P¥. Then with 1 < i < r we have

v (r(AY)+1 if (a5, AY) =0,
r(A)si) = { rOY)) =1 if (s, AY) > 0.

Proof Let w = 7(\Y)s;. Suppose that (a;, AY) = 0. Then every hyperplane H,
that separates § from § + A\ also separates § from s;§ + AV, and there is one more
that lies between § and s;§ + A, namely the hyperplane H,, o, which is a wall of
the positive Weyl chamber. Thus I[(7(\Y)s;) = I[(7(A\Y)) + 1.

On the other hand, suppose that (a;, A\V) > 0. Let us count the hyperplanes
between § and s;§ as follows. Let v € § be very close to the wall L, = H,, .
Then s;v + AV lies in 5;§ + AV and is close to v and we follow a straight line from
an interior point of § to the two points v and s;v + AV. These intersect the same
hyperplanes except that the path to s;§+ A" does not intersect H,, o+ A". Therefore

(T(A\Y)s;) =1(r(\Y)) — 1. O
Let H,(Wag) be an Iwahori Hecke algebra associated with Weg. That is, it
has generators Ty, 17, -- , T, with the usual relations, determined by the extended
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Dynkin diagram of an irreducible root system ®. The parameter ¢ can be an in-
determinate, for the ring is described in terms of generators and relations. We will
eventually need both ¢ and /g to be in the ground field.

The relations satisfied by the T} are the braid relations, and the quadratic relations
T? = (¢—1)T;+q. The ring H,(W,g) has a basis consisting of elements T, (w € Wg)
where T, = T;, ---T;, when w = s;, ---s;, is a reduced decomposition of w into a
product of simple reflections. This is well-defined by Tits’ theorem (Theorem 14).

Let Hq(Waff) be the algebra with basis T}, where w € W,g, with the following
description. It has generators T; with ¢ € {0,1,--- ,r} subject to the braid and
quadratic relations, with additional generators T; (¢ € §2), subject to the conditions
that T;T,, = T}, when t,u € (), and the additional relations T;T,, = T},,—11; when

te Qand w e Wyg.

Proposition 59 If w,w' € Wag and l(ww') = l(w) + L(w') then TyTy = T

Proof First consider the case where w,w’ € Wyg. Let w = s, ---s;, and w' =

sj, - -+ sj, be reduced decompositions, so k = l(w) and | = [(w'). Then ww' =
Siy * "+ 8iySjy -85 is a reduced decomposition, and Ty = T;, --- 13,715, ---Tj, =
Ty .

Now we turn to the general case. Write w = w;t and w’ = wit’ where ¢, € .
Let wh = twjt™! € W,g. It has the same length as w}, since conjugation by ¢ simply
permutes the generators. Now ww' = wywitt’ and I(wiwh) = l(wy) + (wh). Thus
Twiwy = Ty Twy- We have

Ty =TuT,,  Tw=TyTy,

SO
T = Twlwétt’ = Twlw’z,-z—;ft’ = TwlTwéﬂT‘t’ = TwlT;fTw’lT;f’ =Tyl

Lemma 16 T,, is invertible. Indeed, if w = s;, - - - s;, then

1

T;t=T7t T T =q¢ '+ (1—q). (63)

Siy, Siq
Proof It follows from the quadratic relation T2 + (¢ — 1)T; + ¢ = 0 that ¢~ 7T} +
(1 — ¢ ') is an inverse to T;. The rest is immediate. U

The Bernstein-Zelevinsky presentation is related to the realization of the affine
Weyl group as a semidirect product Wog = W x PV. It realizes the algebra H,(Wasg)

89



as the amalgamation of two subalgebras, namely H,(W) and an abelian subalgebra
isomorphic to the group algebra of PV.

We have a map PY — Hg(Waff)X defined by d — T,;. But this map is not a
homomorphism. Indeed, by Proposition 59 T, T,y = Ty if {(ww') = l(w) + 1(w')
though not generally otherwise. Therefore

However we may obtain a proper homomorphism PY — H,(W,g)* as follows.
Let PY  be the set of dominant weights in the coroot lattice. Thus d € Py, if

dom dom

d € PY and (d,a) > 0 for every root a.

Lemma 17 Ifd,d € Py, then [(dd') = I(d) + {(d) and so Tyy = T(Ty.

Proof We use the characterization that I(d) is the number of hyperplanes H, j that
lie between the fundamental alcove § and § +d. Let Hy,--- , Hyx be the hyperplanes
between § and § +d, and Hy,--- , H| be the hyperplanes between § and §+d'. The
k41 hyperplanes Hy,--- , Hy, H| +d,- - - , H +d lie between § and §+d+d'. Indeed,
Each of the hyperplanes H; is perpendicular to « for some positive root a. Since
(d,a)) > 0, we may take a straight-line path from v € § to v + d, and follow that by
a straight-line path from v + d to v + d 4+ d' and it will cross each of the advertised
hyperplanes exactly once.

The last statement follows by Proposition 59. Il

Now we have a monoid homomorphism 6 : Py~ — H,(Wag)* defined by 6(d) =
¢ " D2T; The group PV is the Grothendieck group of this monoid. That is, it is
universal for homomorphisms of the monoid P}, = into groups. Therefore we obtain a
homomorphism 0 : P¥ — H (Wag) such that 8(d) = ¢~“9/2T,; when d is dominant.
In general, if we have d € PY we may write d = d; — dy with d; and dy dominant,
and 0(d) = qU@)-1)/2T, 71,

The group homomorphism 0 : PV — H;(Waﬁ)v extends to a ring homomor-

phism from the group algebra C[PY] — H*(W,g). The image © of this map is
the vector space spanned by the elements 6(d) with d € PY. This is an abelian
subalgebra © isomorphic to the group algebra of PY. We wish to consider Hq(Waff)
as an amalgam of this commutative ring © and H,(W).

Let wy,--- ,w) be the fundamental coweights, defined by the formula
<ozi,w;/> :51']', (Z = ]_, ,T‘). (64)

Lemma 18 Let \Y € Py . Then l(T(\Y)) = (2p, \Y) where

p=5 > a

acdt
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Proof The proof of Proposition 48 goes through without much change. Let w € Wg
such that wg = 7(A\Y)F. Then 7(\Y) = wt for some t € 2, so [(T(\Y)) = I(w). This
is the number of hyperplanes H, j between § and § + AY, and the number of these
is counted as in Proposition 48. O

Lemma 19 We have
wy +se(wy) =D (= oy 0)) w).
i#k

This is an element of Py, . Moreover

D (=g a)ir(w))) =1 (T (Z(— <04j,04Z>)wjv> 5k> —1=2I(7(wy)) —2. (65)
ik jk
Proof We have

sel) = o)l ) o, = w — o
Now expanding oy = ) ¢jef, using (64) we have ¢; = (o, o).

T

WY + sp(wy) = 2w — o) = 2w — Z (aj, ) w) = — Z (aj, ) wy, (66)
j=1 7k

since (o, ay) = 2. The coeflicients — (;, /) are all nonnegative, so this is in P} .
By Lemma 17

D (= oy, a(r(w))) =1 (Z — (a5, ) T(@)) :

j#k J#k

Now «y, is orthogonal to wjv when k # 7, and it follows from Proposition 58 that

l <T (Z(— (aj,a,Z))wjv) sk) =1 (Z —{aj, o) T(w]v)> + 1.

j#k J#k
It is well-known that p is the sum of the fundamental weights w; defined by (o, w;) =
dij, so (p,a)/) = 1. (Bump, Lie Groups, Proposition 21.16.) Using Lemma 18,

(Z — {ay, ) T(wjv)> = (20,0 + sk(wy)) = (2p, 20y — ) =

J#k
2(2p,w)) —2(p.a)) = 2A(r(w))) - 2.
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Lemma 20 If \Y € PY is orthogonal to oy, then Ty, and Tr\vy commute.

Proof We may write AV as the difference of two dominant coweights that are orthog-
onal to a; and hence reduce to the case where AV is dominant. By Proposition 58

we have [(T7(AY)sg) = I(T(A\Y)) 4+ 1. Since sg(AY) =AY — (a, \Y) o)) = AV we have
siT(A)s ! = T(su(AY)) = 7(XY)

so T(AV)sg = sx7(AY), and I(si7(AY)) = U(T7(AY)sk) = A(7(AY)) + 1 also. Therefore
by Proposition 59 we have

T vy = T, Trovy = Torv) = TrpnTs, = Trovy Ty

Lemma 21 We have

,(a.,av>
TrwpsTrwpy = T (H Ty (67)

itk

Proof By Lemma 19

T(wi)skT(wi)s, ' = T(w)T(se(wy)) =7 (Z(— {2, &Z>)wjv>
J#k
T(wy)skT(wy) =7 (Z(— (@, a%))@) Sk (68)
J#k
By Lemma 19

! <T (Z(— (aj, a,:>)wjv) sk> = 2(r(wy)) — 1. (69)

J#k
Furthermore by Proposition 59 we have
_ _ ~(ay.a))
(S ant (st ey o = Tr(S,unt= (s pyoy) Ton = (1;1 Lwpy )
J

We have used the fact that TT(wjv)Tk = TkTT(ij) when 7 # k by Lemma 20 to move
the T} across the product.
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On the other hand by Proposition 58 we have
I(7(w))sk) = I(T(wy)) — 1.
By (69) the length of (68) is 2/(7(wx)) — 1, so Proposition 59 implies that
Trwpsirey) = Trwos Trwy)-
Invoking (68) one more time gives (67). O

Theorem 22 Let d € PV and let 1 < k < r. Then 0(d) — 0(sgd) is divisible by
1 —6(—«)) in the ring © and

0(d) — O(su(d))

O()Ti — Tib(suld)) = Teb(d) — ()T, = (g = D=L (70
Proof It is enough to show
()T — Tid(sn(d) = (g — 2D 2EHD) (71)

1—6(—y)

Indeed, if this is known, then replacing d by si(d) and multiplying both sides by —1
gives another expression for the right-hand side, namely 73,0(d) — 0(sx(d))T}.

First suppose that (71) is true for d and d’. Then since ¢ is a homomorphism
from PY to H(Wag)* we have

0(d+d)I — Tif(sp(d + d) =

Substituting (71) and simplifying we see that it is true for 0(d + d’). A similar
argument shows that (71) for d implies the same formula for —d. Therefore we are
reduced to the case where d is chosen from a basis of PV.

We have

\/ \/ . .

w! —a) ifi=k
v v VA LV k k )

spw) = w, — (o, w. ) ) = e

K v (e, wi') o {0 if 1 # k.

Therefore

0(wy) — B(siw) _ [ 6(wy) ifi=k,
1—60(—a)) 0 if © £ k.
We must therefore show that
O(wy) ifi=k,
0

if i £ k. (72)

0 )T — Tub(su(w))) = {
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Let us first consider the case where ¢ # k. In this case si(w,) = w,’, by Lemma 20
T} and 6(w,;”) commute, so (72) is satisfied.
Next let us consider the case where 1 = k. We will prove

T8 (s (wy)) = ¢' P T s, (73)

By Lemma 19 sg(w)) = (— > itk (ozj,ozww,\c/) — wy is expressed as a difference

between two dominant elements of PV. Therefore

UV _<aj’o‘k> w _
O(sk(wy)) = H (q ! ”)/QTr(ij)> ¢ kWTT( v
7k
The factors on the right-hand side commute with each other since the image of 7(P")
is commutative. (See Lemma 17.) Using Lemma 19 we may rewrite this

9(sk(wk )/2HT oz; Otk )‘
JF#k
Using (67) we obtain (73).
Now by Proposition 58 we have I(7(w)/)sx) = {(T(w)/))—1 and so by Proposition 59
we have T,,v, Ty = T.,v. Therefore (using

Teb(si(wy) = q' O P T T = ¢ O T (07 T + (1= 7).

Thus
Tt(si(wyy)) — 0wy )T = (¢ — DO (wy),
proving (72) when i = k. O

Now we may describe the Bernstein-Zelevinsky presentation as follows: it is gen-
erated by the finite Hecke algebra H, (W), which is a |IW|-dimensional algebra over
C, and by an algebra © which is isomorphic to the group algebra of PY under a
homomorphism 6 : P¥ — ©. These two algebras are subject to the relation (70).

This is a very convenient presentation of Hq(Waﬂ). Of course it gives rise to
a presentation of H,(W,g) in which we restrict ourselves to the subalgebra of ©
generated by the image of QQV.

17 The Center of H;

The Bruhat order is an order on a Coxeter group. We will explain it for the Weyl
group W with simple reflections {si,--- ,s,}. We recall that if « € & is a positive
root then there is a reflection r, in the hyperplane perpendicular to a.
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Lemma 22 Let v = s;, -+ s, be a reduced decomposition of v € W, so k = [(v).
Then there exists a j such that

if and only if there exists a € @ such that v(«a) € = and u = v.1,,.

The “hat” denotes the omission of the factor s;,. We note that (74) may not be
a reduced decomposition.
Proof The a € & such that v(a) € &~ are listed in Proposition 22. Such a « is
one of 4,55, - 8i;,, (i), Then ro = 85,84, = 8i; 156, (85,80, - sml)’1 and so

(74) is valid. 0

Lemma 23 Suppose that v = s;, ---s;, 15 a reduced decomposition of v € W, so
k = 1l(v). Suppose there exists a subsequence {j1,--- , 51} of {i1, - ,ix} such that

—

u:sil...sjl...SjQ ...... S’ik‘

Then there ezists another subsequence {j}, j5, -} such that

uzsllsjisjé ...... S’ika

and such that the latter decomposition is reduced.

Proof Using repeated applications of Proposition 15 we may further discard pairs
of elements of the sequence of simple reflections until we obtain a reduced word. [J

Let us say that u < v in the Bruhat partial order if the following condition is
satisfied. There must be a sequence 7y, - - - ,r; of reflections such that

Z(U) > Z(UT1> > Z(UT1T2) > e > l(vrl .. '7”1)
and u = vry-- -1

Proposition 60 Let u,v € W and let v = s;, ---5s;, be a reduced decomposition.
Then uw < v if and only if there exists a subsequence {j1,--- , 51} of {i1, - ,ix} such
that

—

u:S’il"'Sjl"'Sjg ...... Sik'

If so, we may assume that this decomposition is reduced.
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It is a remarkable fact that this criterion does not depend on the choice of a
reduced decomposition of v.
Proof This follows Lemmas 22 and 23. U

Using affine roots, the Bruhat order may defined for affine Weyl groups, and
Proposition 60 remains valid.
Ifwe W and

Lemma 24 Let w € W and let d € PV. Then 0(d)T,, — T,,0(w='(d)) lies in the

©-submodule of Hy,(Wag) spanned by uw € W with u < w in the Bruhat order.

Proof Write w = s;, ---s;,, a reduced decomposition. Then writing w; = s;, - -+ s;
we may write

l

k
0(d)T, — T,0(w™'d) = Z Ty, 0w )T, -+ T,

=1

kT Twzae(Tizwl*ld)TizH o le

Using the Bernstein relation (70) the I-th term is in

T, ---T, OT, ---T

-1 I+1 ik

This is contained in the ©-submodule of H,(W,g) spanned by v € W with u < w.
U

Theorem 23 The center Z of Hq(Waff) equals OV, the space of elements of © that
are invariant under conjugation by W.

Proof First let us show that the center Z is contained in ©. Let us write an element

as
Z c(w,d) wo(d).
weW
de PY

Let w be maximal with respect to the Bruhat order such that some coefficient
c(w,d) #0. If \Y € PV then

OA)wh(d)ANY) ! = wh(d —w H(AY) + \Y)
module the ©-submodule of H,(Wag) spanned by v € W with u < w. Since \Y
is arbitrary, d — w™'(AY) + AV can take on an infinite number of values, which is a

contradiction since only finitely many c(w, d) can be nonzero.
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Therefore Z C ©. We must show that an elemen

¢= ) c(d)f(d)

depPVv

of © is central if and only if ¢(d) is constant on W-orbits. We have

T, (Z c<d>e<d>> - (Z c(sk<d>>e<d>) T, = % S leld) — clsid)0(d).

dePV dePVv

From this, it is clear that if ¢(d) is constant on W-orbits then ( is central. Conversely,
suppose that ¢ is central. Then with n =", [c(d) — c(sx(d))] 0(d) we have

qg—1

Twyn = ———=n.
YT

Since ©NT,O = 0 we get n = 0. Therefore ( is invariant under s;. Since this is true
for every simple reflection, ¢ € ©W. O

18 Principal Series Representations: Finite Field

Let G be a split reductive group over ' = F,. Let B be a Borel subgroup. Write
B =TU where T is a split maximal torus, and U its unipotent radical.
We have functors:

Representations — Representations

of T(F) - of G(F)

These are parabolic induction and its adjoint, the Jacquet functor. Since F' is finite,
we may restrict ourselves to finite-dimensional representations of these finite groups.

To define parabolic induction, begin with a module V' of T'(F). Extend it to a
character of B(F') by letting U(F') be in the kernel, and induce this module to G(F).
We will denote this induced module Ind% (V)

Let W be a module of G(F'). The Jacquet module in this case may be defined to
be WUE) the space of U(F)-invariants. Since T normalizes U, this is a U-submodule.
We will denote the Jacquet module by J(7T').

The Jacquet module will have to be defined differently when F' is a local. We
could alternatively have defined it to be the quotient W /Wy where W is the vector
subspace of V' generated by elements of the form v—m(u)v withv € V and u € U(F).
This definition is correct for local fields F. But if F'is finite, then W splits as a direct
sum Wy @ WUE) 5o the two definitions are equivalent.
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Proposition 61 Let W be a G(F)-module and V a T(F)-module. Then
Homg(ry (W, Ind5 (V) 2 Homygy(J(W), V).
Proof By ordinary Frobenius reciprocity, we have
Homg(ry (W, Ind(V)) 2 Homp ) (W, V).

Since U(F') acts trivially on W, any B(F)-equivariant map W — V annihilates an
element of the form v —m(u)v, hence factors through the canonical map W — J(W).
U

Since T'(F) is abelian, its irreducible modules are one-dimensional. Let x be a
character of T(F). An important question is when Ind%(y) is irreducible. They Weyl
group W = N(T'(F))/T(F) acts on T'(F') and hence on its characters by conjugation.
Let us say that x is regular if its stabilizer in W is trivial.

For example, if G = GL, then T may be taken to be the diagonal torus, and
there exist characters yq,--- , x» such that

51

X = HXZ(E)

12
Then y is regular if the y; are distinct.
Proposition 62 Let x and 0 be characters of T(F'). Then the dimension of
Homgr) (Ind% (x), Ind(6))
is the number of w € W such that § = "x.

Proof By Mackey theory, the dimension is the dimension of the space of A such
that

A(bgb') = 0(b)A(g)x (), b, b € B(F).
Such a function is determined on its values on the B(F')-double cosets, which have
representatives in N(F'), one for each Weyl group element w € W. Chosing a
representative w in N(T'(F')) of W, we must have

Aw) = Altw(w Hw)™) = 0(t) - Aw) - “x ()", teT(F).

Thus we must have § = "y, or else A vanishes identically on the double coset.
Conversely if this is true, then it is easy to see that the double coset B(F)wB(F)
does support such a function A. O
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Theorem 24 A necessary and sufficient condition for Indg()() to be irreducible is
that x be reqular.

This is not correct if F'is a local field. For G = GL,,, if F' is local, the condition
that Tnd$(x) be irreducible is that no x;(t) = x;(¢)[t|*'. This is a major difference
between the finite and nonarchimedean local cases.

Proof A necessary and sufficient condition is that Endg(r)(Ind$(x)) is one-dimensional,
and by Proposition 62 this is true if and only if y has trivial stabilizer in W, that is,
is regular. O

Theorem 25 If x is reqular, then Ind$(x) is isomorphic to Ind%(*x) for any w €
w.

Proof This follows from the existence of an intertwining operator, a consequence
of Proposition 62. O

We may construct an explicit intertwining operator M (w) : Ind$(y) — Ind%(*“y)
as follows. Interpret Ind%(x) as the space of functions G(F) — C such that

f(bg) = x(b)f(g)-

Let
M(w)f(g) = > fw ug). (75)

ueU(F)NwU_ (F)w—1

Theorem 26 If f € Ind$(x) then M(w)f € Ind$(“x). The map M(w) commutes
with the action of G(F).

Proof To check that M(w)f € Ind%(*“y), note that if + € T(F) then since t
normalizes U N wU_w™! we have

Mw)f(tg) = > flwtw-w  ug) ="x(t)M(w)f(g).

weUNwU_w—1

We need to check that M (w)f(ug) = M(w)f(g) for u € U(F'). To this end, we note
that U(F) = (U(F)NwU_(F)w)(U(F)NwU (F)w™') by Proposition 30. The value of
f(w™ug) is unchanged if we alter u on the left by an element of U(F) NwU (F)w™!.
Thus we could also write

M(w) f(g) = > fw™"ug). (76)

ue(U(F)NwU(F)w=)\U(F)

From this it is clear that M (w)f is left U(F)-invariant. O
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Lemma 25 Assume [(wyws) = l(wy) + [(ws). We have
{a € dH(wws)tae @} ={aecdt|wilac d U {w(a) € PHuwy'la e d}.
The union s disjoint. Multiplication induces a bijection

w (U NwyU_wy Nwyt x (UNwU_wih) — U N (wiws)U-_ (wywy) ™.

Proof The first part we leave to the reader. The first assertion in (ii) follows from
(i) since
UnwU_w™!' = H zo(F).
{acdF w1t (a)ed}
That is, the multiplication map from the Cartesian product on the right to U N
wU_w™! is bijection, and the product may be taken in any fixed order.

Moy, [(g) = Z f((wle)_lug) =

ueUN(wiw2)U— (wrwz)~1

> > flwy witupug) =

u1€Uﬂw1U7w1_1 ugGwl(Uﬂng,wQ_I)wl_l

Z Z fwy 'w  wiuswy turg) =

uleUﬂwlU,wl_l U2€Uﬁw2U7'LU2_1

> Yo flwpluwitug) = My, 0 My, f(9).

u1€Uﬂw1U7w1_1 ugEUﬂngfwgl

Theorem 27 If [(ww') = [(w) + [(w’) then M(wy) o M(we) = M (wiws).
Proof Using the Lemma,

Moy, (g) = Z f((wle)_lug) -

ueUN(wiwsz)U—_ (wiwe)~1

Z Z flwy wi ugung) =

u1€Uﬂw1U_w;1 'U,QG'UJ:[(UHUIQU_'UJ;I)?.U;l

Z Z flwy ' w  wrugwy turg) =

u1€Uﬂw1U,wl_1 UQEUﬂsz,wgl

> Yo flwpluwitug) = My, 0 My, f(9).

uleUﬂqu,wl_l ugEUﬂng,wgl
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Exercise 17 Suppose that x is regular. Show that

J(Mmd§(x)) = P “x-

weW

19 The L-group

References for the notion of the L-group:

e Langlands, Problems in the theory of automorphic forms and related papers,
available at http://publications.ias.edu/rpl/series.php?series=51

e Borel, A. Automorphic L-functions. Automorphic forms, representations and
L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore.,
1977), Part 2, pp. 27-61, Proc. Sympos. Pure Math., XXXIII, Amer. Math.
Soc., Providence, R.I., 1979.

References for root data and reductive groups:

e Springer, T. A. Reductive groups. Automorphic forms, representations and
L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore.,
1977), Part 1, pp. 3-27, Proc. Sympos. Pure Math., XXXIII, Amer. Math.
Soc., Providence, R.I., 1979.

e Demazure, Groupes Réductifs : Déploiements, Sous-Groupes, Groupes-Quotients,
Springer Lecture Notes in Mathematics vol. 153 (1970).

e Borel, and Tits, Groupes rAductifs. Inst. Hautes Atudes Sci. Publ. Math.
No. 27 1965 55-150.

What data are needed to describe a reductive group?

Let us first ignore rationality issues and consider a reductive group G over an
algebraically closed field. Then if 7" is a maximal torus, the root system & lives in
L = X*(T), which is a lattice in the vector space V =R & X*(T).

Discarding the lattice and just considering the root system in V' loses some infor-
mation. For example, if G is semisimple, then knowledge of ® in L determines the
fundamental group, which is isomorphic to P/L, where P is the weight lattice, and
the center of G, which is isomorphic to L/Q, where @ is the root lattice. If we simply
regard ® as living in the ambient Euclidean space V' = R ® L, this information is
lost.
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These considerations lead to the following definition of root data, due to Demazure
and Grothendieck. Let L be a lattice, that is, a free Z-module of finite rank, and let
LY be its dual module, defined by a dual pairing (, ) : L x LY — Z that identifies
LY with Hom(L,Z). Let there be given in L and LY finite sets ® and ®" of vectors
with a bijection & — «a" of ® to ®¥ subject to conditions that we now describe. If
a € ¢ then s, : LY — LY is the reflection s,(v) = v — (o, v) a¥ and s, : L — L is
defined by s, (v) = v—(v,a") a. It is assumed that (o, 3¥) € Z and that (o, ") = 2.

If these conditions are satisfied, then (L, ®, LY, ®V) are called root data. For
example, taking L = X*(T') and L = X,(T') the roots and coroots give root data,
and this is exactly the information needed to reconstruct the group G. More data
would be needed to construct G over a field F' that is not algebraically closed, but
since we are restricting ourselves to split groups, this is sufficient.

The definition of root data is symmetric, so (LY, ®Y, L, ®) are also root data, and
correspond to a reductive group G.

If the ground field is not algebraically closed, then further data is needed to
describe G. Since the scope of this course is only split groups, we will ignore these
issues. The group @(C) is only the connected component of the identity in the
L-group G, but when G is F-split, it is sufficient for many purposes.

If G is F-split, the group G (C) is defined as above, and it controls the representa-
tion theory of G(F'). The strongest statement in this direction is the local Langlands
correspondence, and this is outside the scope of this notes. An important special
case is that the spherical representations of G(F’) are parametrized by the semisim-
ple conjugacy classes of G (C), a statement closely related to the Satake isomorphism
computing the structure of the spherical Hecke algebra. We will come to this later.
At the moment, we will content ourselves with showing that the unramified qua-
sicharacters of T(F) are parametrized by elements of T/(C).

If T is a group, a quasicharacter of T is a homomorphism y : T" — C*. If y is
unitary, then y is called a character. If T is an abelian locally compact group, it has
a unique maximal compact subgroup K, and it is normal. If T is furthermore totally
disconnected, then K is open. In this case we will call x unramified if it is trivial on
that subgroup. Thus an unramified quasicharacter of F'* is a character that factors
through F* /o> = Z.

Given a torus T over a nonarchimedean local field F', there is a torus T over C
such that the unramified characters of T'(F') are parametrized by the elements or
T(C). For example if

131

tT‘+l
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is the diagonal torus in GL;1, then we may take T also to be the diagonal torus
in GL,y1. If t € T and z € T we may write t = (t1,--- ,t,) and 2z = (21, -, 2,)

instead of
tl 21

t: 5 z )

tn Zn

for notational convenience. If z € T then we have a quasicharacter y, of T(F)
defined by x.(t) =[]z rd(ts), Every unramified quasicharacter is of this sort.

In general, let X*(T") be the group of rational characters of T', and X,(T') the
group of one-parameter subgroups. As we explained in Section 12, both groups are
isomorphic to Z" and come equipped with a dual pairing X*(7") x X,(T') — Z that
makes V =R ®@ X*(T) and V* = R® X, (T') into dual spaces.

The exercises below will show that the torus 7' may be chosen so that X.(T) =
X*(T) and X*(T) = X,(T). Let X™(T(F)) denote the group of unramified charac-
ters of T'(F).

A

Exercise 18 Show that there is a natural isomorphism Hom(X,(7T),C*) = X™(T(F)).
Indeed, given x € X™(T(F)) associate with y the homomorphism X, (7)) — C* be the
map that sends the one-parameter subgroup i : Gy, — T to x(i(w)) for prime element w.

Exercise 19 Show that there is a natural isomorphism Hom(X*(T"), C*) = T(C). Indeed,
give z € T'(C), associate with z the homomorphism X*(7") — C* be the map that sends
the rational character n € X*(T') to n(z) € C*.

~

Since X,(T') and X*(T') are identified, it is clear that the unramified characters
of T(F') are parametrized by the elements of T'(C).

20 Intertwining integrals: nonarchimedean fields

The intertwining integrals appear very naturally in the theory of Eisenstein series.
They were introduced into the theory of induced representations of Lie and p-adic
groups by Bruhat around 1956.

Some results, particularly on analytic continuation of the integrals will be stated
without proof. References:

e Casselman, Introduction to Admissible Representations of p-adic Groups, linked
from the class web page. Section 6.4 contains the fundamental results about
the intertwining operators.
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e (Casselman, The unramified principal series of p-adic groups. I. The spherical
function. Compositio Mathematica, 40 no. 3 (1980), p. 387-406.

e Bump, Automorphic Forms and Representations only treats GLs completely,
but many of the important ideas can be understood from that special case.

Let F' be a nonarchimedean local field. Let G be a F-split reductive group. Let T" be
a maximal F-split torus, and let B be a Borel subgroup containing 7'. The derived
group G’ is semisimple, and we may let x, : G, — G’ be as in Section 16. We will
denote by K° = G'(0) the group generated by the x,(0). It is a maximal compact
subgroup of G(F'). We have the Iwasawa decomposition

G(F) = B(F) G(o).

We still have functors of parabolic induction and the Jacquet module. However
parabolic induction requires a “shift” by /2, where § is the modular quasicharacter
of B(F). Thus  : B(F) — C is defined so that if du(b) is a left Haar-measure
then 0(b) dpuy(b) is a right Haar-measure. We have

S(tuy = [ 1, teT(F), ucUF).

acdt

For example, for G = GL(3),

t1 x  k t t t
5 R R R e e e P e | R |
" ta||t3]|t3

Now let x be an unramified quasicharacter of T'(F'). We define V' (x) to be the space
of smooth (locally constant) functions f : G(F') — C that satisfy

fbg) = (8'2)(0)f(9),  be B(F). (77)
The group G acts on V() by right translation:
m(9)f(z) = f(zg). (78)

The condition that f is smooth is equivalent to assuming that =(k)f = f for k in
some open subgroup of G(F). Thus

Vi) =V~
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as K runs through the open subgroups of G(F). We recall that V(x)¥ is a Hg-
module, where H is the convolution ring of K-biinvariant functions.
In view of (3) and (78), if ¢ € Hy and f € V()X then

(6 1)(x) = 7(&)f(x) = / o(9) 1 (x9) dg. (79)

We will be particularly interested in V(x)’ where J is the Iwahori subgroup.
One reason for including the factor §'/2 in the definition of the induced repre-
sentation is that if x is unitary, then m(x) is a unitary representation. Indeed if

Indgég(é) is the space of functions that satisfy

f(bg) = 6(b)f(9)

then by Lemma 2.6.1 of Bump, Automorphic Forms and Representations we may

define a linear functional I on Indggg (0) that is invariant under right-translation by

1= rwar

Thus if fi, fo € V(x), and if x is unitary, then fi f; is in the space Indggg((ﬂ and so

(ot = [ ARG Gk

is an inner product, making the representation V' (x) unitary. It is possible for V' (x)
to be unitary even if y is not, owing to the existence of complementary series.

Another reason for the normalization factor is so that the intertwining integrals
map V(x) — V(“x). The intertwining integrals may be defined by the analogs of
either (75) or (76). That is:

M(w)f(g) = / flwtug)du =
U(F)nwU_ (F)w—1

/ fw™tug) du. (80)
(U(F)NwU (F)w=)\U(F)

The two formulas are equivalent due to the fact that
U(F) = (UF)NwU_(F)w)(U(F) NwU(F)w™)

by Proposition 30.
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Proposition 63 The integral (80) is convergent if

(@
NEC
for all positive roots o such that w™a € ®~. Ifl(ww') = l(w)+I(w') then M(ww') =

M(w) o M(w').

Proof The statement that l(ww') = l(w) + [(w') then M (ww') = M(w) o M(w’)
is formally similar to the finite field case: one simply replaces the summations by
integrations. Using this, the convergence statement reduces to the case where w = s,
for a simple root a.. In that case, U(F) NwU(F)w™ = i,(F), and the integral is

Jor (soin (7)o samia( )
)= G-

Thus the integral equals
(1 —vt Y. vt . 1
oo ()" o )ulih a)o) e -
-1
-1 . (% . 1
() (1))

The factor |v|~" is from 6/2. If v is sufficiently large, the value of f is constant since
f is locally constant. Therefore absolute convergence depends on the convergence of

/|v|>c|“‘_l X (’ ( o ))‘ v,

where C' is a nonzero constant. The absolute value of x is constant on the sets
@ *0*, which have volume ¢*(1 — ¢~!'). The factor |v|~™! = ¢~* on this set, so we

need the convergence of

k
2 (7 =)
@ w—k
l¢¥|>C
The convergence of this geometric series follows from (81). O
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Lemma 26 Ift € T(F) and w € W then the Jacobian of the transformation
w s tut ™
of UUF)NwU_(F)w™! is
51/2(t)
62 (wHw)
Proof We have
UFR)NwU_(Fu™ = [[  za(F).

a€dt
w i a) € @~

We have tx,(v)t™! = z,(t*v), so the Jacobian in question is

I e (82)

ac€dt
wHa) € &~
Now
0w tw) = I lw tw) =TT 1= I 1 ] 1
acdt+ acd+ a e ot a€ P~
wla € T wla € T
Thus

H ac dt |ta|

wla € T

[T acor o]

wlae d—

SV (w ) =

while §'/%(t) = [T acor T2 - |I] aco+ [t¢]| andit follows that —1/2”25?
ol e ot e 372 (wLtw)

equals (82). O

Proposition 64 If M(w)f is convergent, then M(w)f € V(*x).

Proof In order to show that one proceeds as follows. If t € T'(F') we can write

M(w)f(tg) = /U s (e flw tutg)du =

/ flw™Hw - w (¢ ut)g) du =
U(F)NwU_(F)w=1

62 (wttw) - wx(t)/ fw™(t tut)g) du.
(F)NwlU—_ (Fyw-1
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We make a variable change u +— tut™! and by the Lemma the Jacobian of this map
is 01/2(t)/6'/?(w="tw). Therefore we obtain (62 - “x)(t)M(w)f(g), as required. [

Although the intertwining integrals are not convergent for all y, even when they
are not convergent we may make sense of the integrals more generally as follows.
Let us organize the quasicharacters of T'(F') into a complex analytic manifold X
as follows. First, the unramified characters, we have seen, are, by Exercise 18,
X™(T(F)) = Hom(X*(T'),C*) which is a product of copies of C*. This is thus a
connected complex manifold X". If we fix a (not necessarily unramified) character
Xo, then we may consider xxo with x € X™(T(F)) to vary though a copy of X".
Thus X is a union (over cosets of the unramified characters) of copies of X", and is
therefore a complex analytic manifold.

Let X,es be the set of regular characters in X. It is an open set, the regular set.
The complement X is the singular set.

Now we may consider the disjoint union

0= U V(x).

xXeX

By a section we mean a function X — U, to be denoted x — f, such that if y € X
then f, € V(x). We would like to define the notion of an analytic section. First, let
us say that the section is flat if f,|K° is constant on each connected component of
X. The flat sections are analytic. Moreover since X is a complex analytic manifold,
we have a notion of analytic and meromorphic functions on X. We say that a section
is analytic (resp. meromorphic) if it is a linear combination of flat sections with
analytic coefficients.

The intertwining operators do not necessarily take flat sections to flat sections,
but they do take analytic sections to meromorphic sections. The poles in the com-
plement of the regular set: that is, if f, is an analytic section, then M(w)f, is
meromorphic, and analytic on X,e,.

We now come to a major difference between the finite field case and the local
field case. Whereas in the finite field case, the reducible places of the principal series
were when y was not regular, regularity in the local field case happens at shifts of
the singular set. Nevertheless something interesting does happen where regularity
fails.

Let us see this at work when G = GL5. Let

X ( . " ) = x1(y1)xa(y2)
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and consider the intertwining integral M(wp) : V(x) — V("x), where wy =
1 is the long Weyl group element. If x; = x2, then M (wp) has a pole.
In this case, V(x) = V(*x), and this module is irreducible. There is only one in-
tertwining operator V(x) — V(*x) = V(x), and this is M (1). If both M (wy) and
M (1) were analytic, there would be two, and one is “not needed” so it has a pole.

However the Jacquet module at this special value shows some interesting behav-
ior. The Jacquet module J(V') of a smooth G(F)-module V is

J(V)=V/Vy, Vo= —m(uvjveVueU(F)).
It is an T'(F)-module, and if V' = V() where x is regular, then
JV(0) = P 8 “x.
weW

The Jacquet module is an exact functor and is an important tool in the representation
theory of p-adic groups. We refer to the references of Casselman and Bump for further
information.

In the GLs case, if x is regular, the last formula reduces to

J(V(x)) = 0" @ 62 woy.

When x = "0y, the Jacquet module V(x) becomes indecomposable. It has two
isomorphic composition factors, both 6'/2y, and sits in a short exact sequence:

0— 51/2)( — J(V(x)) — 51/2X — 0.

However the irreducible submodule is not a direct summand, and this exact sequence
does not split.
The reducibility of the principal series is when x1x5 *(t) = || or x1x5 ' (¢) = [¢t|7".
In the general case, V() will be reducible if x(hqov(w)) = ¢*! for some coroot
a, and will be maximally reducible if y is in the W-orbit of §'/2.

21 The Formula of Gindikin and Karpelevich

The original formula of Gindikin and Karpelevich was for the archimedean case. The
nonarchimedean case (which is our concern here) is actually due to Langlands. A
convenient reference is the paper of Casselman cited below.
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e S. Gindikin and F. Karpelevich, Plancherel measure for symmetric Riemannian
spaces of non-positive curvature. (Russian) Dokl. Akad. Nauk SSSR 145 1962
252-255.

e R. Langlands, Euler products. A James K. Whittemore Lecture in Mathemat-
ics given at Yale University, 1967. Yale University (1971).

e (Casselman, The unramified principal series of p-adic groups. I. The spherical
function. Compositio Math. 40 (1980), no. 3, 387-406.

With notations as in the previous section, we assume that y is an unramified regular
character of T'(F'). Let z € T(C) such that x = x..
Let ¢° = X¢° be the standard spherical vector in V(). Thus

¢°(bk) = (5"/%x)(bk), be B(F), k€ G(o).

Theorem 28 We have

where . )
_ —q ="
a € dt
w(a) € P~

Proof (Sketch) We know that M (w)¢° is a spherical vector in V(“x). It is thus
a constant multiple of “X¢°. To determine the constant it is sufficient to evaluate at
the identity. Therefore it is sufficient to prove

M(w)¥¢(1) = cw(x)-

Using the fact that M (w)M(w') = M (ww') when l[(ww') = l(w) + l(w'), we reduce
to the case where w = s, is a simple reflection. Thus we must show

o (. -1\. (1 = Cl—gt2®
fo (o 7 )u (M 1)) =T

when « is a simple reflection. This computation takes place entirely in the subgroup
ia SLo(F'), and so we reduce to the rank one case.

If z € o then i, 1 -1 ) loy ( L f ) € G(o0) and the integrand equals 1. Thus

we have a contribution of 1.
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If v ¢ olet v € w¥0*. Then

D)= )

Since iq < _313_1 1 ) € G(o) we have

&° (ia ( ' —1 >ia ( 1 316 )) — 4 ( x ! —$1 > _ |x|—lz—ka :q—kz—ka

Thus we obtain a contribution of

Z g 27" vol(w*0*) = (1 —¢71) sza —(1—qY

00
k=1 k=1

Hence the integral is

22 Casselman’s proof of the Macdonald formula

Two fundamental papers are

e (Casselman, The unramified principal series of p-adic groups. 1. The spherical
function. Compositio Math. 40 (1980), no. 3, 387-406.

e (Casselman and Shalika, The unramified principal series of p-adic groups. II.
The Whittaker function. Compositio Math. 41 (1980), no. 2, 207-231.

These make use of the intertwining operators and Iwahori fixed vectors to prove two
fundamental formulas in the representation theory of p-adic groups: the Macdonald
formula for the spherical function, and the Shintani-Casselman-Shalika formula for
the spherical Whittaker function.

We will sketch the proof of the Macdonald formula. Some statements such as
the linear independence of the linear functionals built from the intertwining integrals
will not be verified. For these, see Casselman’s original paper.
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We let GG be as in the last section. In this section we will denote by K° the
maximal compact subgroup G(o).

Suppose that (7, V') is an irreducible admissible representation that has a K°-fixed
vector. Using the Bruhat-Cartan decomposition (Theorem 19) and an involution
based on the Chevalley basis, the argument in Theorem 12 may be generalized to
show that the spherical Hecke Hgo is commutative. Alternatively, this may be
deduced from the structure of the Iwahori-Hecke algebra H ;. The commutativity of
H o implies that that V° = VX is at most one-dimensional. If this is true, then we
say that V is spherical.

Proposition 65 If (7,V) is spherical so is (7, V)

Proof If VX is one-dimensional, then so is Ve = VKO, since we may construct a
K°-invariant linear functional on V' by taking a linear functional that is nonzero on
VE® but which vanishes on every other K°-isotypic part. (See Proposition 9.) O

If (m,V) is any irreducible admissible representation, and if v € V| 0 € V then
the function o(g) = (m(g)v, 9) is called a matriz coefficient. If v and 9° are spherical
vectors (that is, elements of V° and V°) then

is called the spherical function. It is determined up to constant multiple, and we
want to normalize it so that T'x(1) = 1.

It may be shown that every spherical representation is a subquotient of V() for
some unramfied quasicharacter y of T'(F'). If V() is irreducible, then it is spherical,
for it contains the vector

¢0°(bk) = (8'°x)(b),  be B(F),k e K°.

Proposition 66 Suppose that m = V(x) where x is unramified, and that V(x) is

rreducible. Then )

I'-(9) = ——= °(kg) dk.

(9) = Sy [ 9" (k9) (83)
With this normalization, I';(1) = 1.

Proof Define a linear functional on V() by

1

L(6) = Loz [, o) dh

This functional is clearly K°-invariant, and L(7(g)¢°) is the described function. O
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For the rest of this section, we will assume that x is unramified and regular, and
that V() is irreducible.

We call t € T(F) dominant if for every positive root a we have t* € p. It is
sufficient to check this when « is a simple root. For example, suppose that G = GL,,
and that

Then the condition is that ¢;/t;11 € o.
The dimension of V(x)”’ is |[IW|. We may exhibit a basis as follows.

Lemma 27 Choose a set of representatives for w for W = N(T(F))/T(F) that are
in K°. Then
G(F)=|JB(F)wJ  (disjoint).

Proof We have K° = |JJwJ (disjoint). Using the Iwahori factorization U =
B(o)U_(p). The statement follows since B(o) C B(F') while U_(p)w C w.J. O

Proposition 67 The dimension of V(x)? is |W|. A basis consists of the functions

[ 2x(w) ifk e JwTl
Du(bk) = { 0 otherwise,

when b € B(F), ke K°.

Proof This is clear from the previous Lemma. U

If w € W, define a linear functional on V' (x)7 by A, (¢) = M(w)d(1).

Proposition 68 (Casselman) The linear functionals A, are linearly independent.

Proof We will not prove this, but refer to the first of Casselman’s papers cited
above (discussion before Proposition 3.7). O

By the last two propositions we may find a basis f,, of V(x) indexed by w € W
such that Ay, fi,r = 0y (Kronecker 6). This is the Casselman basis. The Casselman
basis is generally difficult to compute; that is, if we write f,, as a linear combination
of the ¢,,, the transition matrix will be upper triangular in the Bruhat order, and but
some of the coefficients will be very complicated. However Casselman observed that
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one element of the basis is computable, and remarkably, this gives enough information
for applications.
We will denote by wq the long element of W.

Lemma 28 (Casselman) We have f,, = ¢u,-

Proof Using the Iwahori factorization, the support B(F)wgJ of ¢y, is contained in
the big Bruhat cell B(F)woB(F). If v € W then

ANy, = / gf)wo(v_lu) du.
U(F)nvU_ (F)v—1!

If v # wp then v™'u € B(F)v™'B(F) is never in the big cell B(F)wyB(F). Therefore
Ayduw, = 0. On the other hand if u = wy, then v~ u = wou € B(F)wyJ if and only
if w € U(0). We are normalizing the Haar measure on U(F') so that the volume of
U(o) is 1, and therefore Ay, ¢y, = 1. We see that Ay, = 6w, and so ¢y, = fu,- O

Proposition 69 Lett be dominant, and define

Fi(g9) = ¢°(gut) du.
U(o)

Then F, € V(x)”.

Proof Since the function g — ¢°(gut) is in V(x) for every u,t it is sufficient to
show that this function is fixed by J. We show that

Fig) = / o (ght) dk. (34)

Indeed, we may use the Iwahori factorization and write

/ ¢°(gkt) dk = / / / ¢°(guu_at) du_ da du.
J U(o) JT (o) JU-(p)

Since t is dominant, if a € T'(0) and u_ € U_(p) we have t'au_t € T(0)U_(p) C K°
and so we may discard the integrals over u_(p) and T'(0). This proves (84), and the
statement follows. U

Proposition 70 We have

Fo= 3" eult) 072 -X)(0) fu (85)

weW
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Proof Since F; is an Iwahori-fixed vector, there exist constants R(w,t) such that
F, = R(w,t) fu.

By definition of the f, we may compute R(w,t) by applying M (w) and evaluating
at 1. Thus

R(w,t) = M(w)F;(1) = / / ¢° (w vy t) duy du.
U(F)nw—1U_(Fyw JU(o)

Interchanging the order of integration and making a variable change, we may elimi-
nate the u; integration and we find that

R(w,t) = / ¢ (wut) du = M(w)d°(£) = calt) (572 - *) (1)
U(F)nw=lU_(F)w
by the formula of Gindikin and Karpelevich. (l

Theorem 29 (Macdonald) Let Q =Y., ¢, and let m =V (x). Ift € T(F)
18 dominant, we have

=5 > w ( | w°x)(t)> . (56)

weW

/KO Fi(k) dk = /O/U(U) ¢° (kut) du dk.

Interchanging he order of integration and making a variable change eliminates the u
integration, so by (83) we have

L) = [ FBdE= Y a0 @0 (57)

weWw

Proof We have

where the constants

w0 = e [ k) a

In general these are not directly computable due to the complexity of f,, but if
w = wy then f,,, = ¢, by Lemma 28

Cuug 1—q1'2z*\ vol(JwyJ
Ay (X) = VOI((;((B) /KO Puy (k) dk = ( H 1 i] zo ) VO<1(KO))‘

acdt
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We recall that the volume of Jw.J is ¢!™). Since K° is the disjoint union of the
JwJ, we have

. w VOl KO (w
VOI(JWOJ) = ql(wO)v VOI K Z ql( VOl JU)OJ Z 1 0)
weW

If w = wow™* then I(w) — I(wy) = —I(w'), so VZ&1§§;J Q. We have proved that

1—qtz°
ay (X )

Q E;L 1—2zo
In order to conclude the proof, we note that as a rational function in z, I',(?)
must be invariant under the action of W. This is because if z is in general position,
then m = V() is irreducible and isomorphic to 7’ = V(*x). Therefore m and 7" have

the same spherical function.

This means that a,(x)(6/2-“x)(t) is invariant under the action of W, and since
we know one of these factors, we know them all. Now (86) follows. O

23 Intertwining Operators and H,(W.g)

We consider now the case where G is semisimple and F-split. Let x denote an
unramified quasicharacter of T'(F'), and let other notations be as in the last section.
We will always assume that y is regular, so that M (w) is defined on V(x).

If we W, we will also denote by w an element of N(T'(F)) N G(0) representing
the coset of win W = N(T'(F))/T(F'), and by abuse of notation, we will also denote
that representative as w.

Because we will be working with V() where the character x of T'(F') is unrami-
fied, none of our formulas will depend on the choice of representative. This is because
the representative is determined by an element of T'(0), where x is trivial. We will
denote by B(o), U(0), T(0), etc. the intersections of B(F'), U(o), T'(0) with G(o).

Proposition 71 The dimension V (x)” is equal to |W|. It has a basis consisting of
the vectors ¢, defined by

(6V2x)(b) if k€ B(F)w™'J,

O (bk) = { 0 otherwise (88)

forw e W, when k € G(0) and b € B(F).

116



Proof An element of V()7 is an element of V() that is right invariant by J. By
(77) an element of V(x)” is determined by its restriction to a set of representatives
for B(F)\G(F)/J. Using the Iwasawa decomposition, the representatives may be
chosen G(o0), so we want representatives for B(0)\G(0)/J. We recall that a set of
representatives for J\G(0)/J may be chosen from W, that is, from T'(o)\(N(T'(F))N
G(0)); this fact follows by pulling the Bruhat decomposition for G(F,) back to G(o)
under the canonical map G(0) — G(F,).

Let w™! be such a representative. Using the Iwahori factorization, J = B(o)U_(p),
and by Lemma 9 we have wU_(p)w™! € J, so

Jw'J = Blo)w L.
There is therefore a unique element of V() supported on B(F)w™!J. O

It was shown in

e J. D. Rogawski. On modules over the Hecke algebra of a p-adic group. Invent.
Math., 79(3):443-465, 1985.

that one may use the Iwahori Hecke algebra to work with the intertwining integrals.
From Rogawski’s remarks, I believe this idea is due to Bernstein. As we will see, the
Bernstein presentation is particularly useful for this. The same idea is used elsewhere
in the literature, for example:

e Mark Reeder. On certain Iwahori invariants in the unramified principal series.
Pacific J. Math., 153(2):313-342, 1992.

e Thomas J. Haines, Robert E. Kottwitz, and Amritanshu Prasad. Iwahori-
Hecke algebras. http://arziv.org/abs/math/0309168, 2003.

e Bump and Nakasuji, Casselman’s Basis of Iwahori Vectors and the Bruhat
Order, http://arxiv.org/abs/1002.2996, 2010.

If G is simply-connected, we have seen that N(T'(F'))/T(0) = Wa,g. In general,
N(T(F))/T(o0) may be slightly larger. If G is of adjoint type, it is Wag. In general,
there is a lattice L such that Q¥ C L C PY and N(T(F'))/T(o) is the semidirect
product of L by W. Then L/Q" is the fundamental group m(G). We will write Wk
for N(T(F))/T(0). We will denote by © the image of L in Wg

The algebra H; is the convolution ring of compactly supported .J-biinvariant
functions. Then V(x)7 is a module for H ;. We will denote by H (W) the subring of
functions with support in G(0). These are supported on the double cosets Jw.J with

w € W, so this may be identified with the finite-field Hecke algebra with generators

{317 e ,Sr}.
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Proposition 72 Let o : V(x)? — H(W) be the map that sends [ € V(x)? to the
function o f) € H(W) where

a(f)(g) = { (1)7(9_1> if g € G(o),

otherwise.

Then « is an isomorphism of left H(W)-modules.

Proof By Proposition 71 the map « is a vector space isomorphism. The action of
H(W) on itself is by left multiplication (convolution). The action on V(x)’ is by
(79). We have, for f € V(x)’ and ¢ € H(W)

a6 Ng) =@ Nlg™) = /G o(h)f(gh) dh = /G o(gh) f(h) dh

if g € G(0). Since g € G(0) and ¢ is supported on G(0) we may restrict the domain
of integration to G(o0) and make the variable change h +— h~!. The integral is

/K o(gh™ ") f(h) dg = /K o(ghV)a(f) (k) dh = /G o(gh™V)a(f)(h) dh

using the fact that «(f) is supported on G(0). This is ¢ - a(f)(g) where now the - is
left convolution. Thus a(¢ - f) and ¢ - a(f) agree on G(o). It is easy to check that
both vanish off G(o). O

Now let w € W and define a map M,, = M, , : H(W) — H(W) by requiring
the diagram:

Viy)’ 2

Ja(x) la(“’x)
HW) 5

to be commutative.

If we W let us define u(x,w) = My(ly,) € H(W), where 14, is the unit
element in H;, that is, the characteristic function of J. We note that under the map
a, 13, corresponds to the

Proposition 73 We have
My (h) = h - p(x, w)

for all h € H(W).
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Proof M, is a homomorphism of left H(W)-modules. Therefore

Lemma 29 If [(wjws) = l(wy) + I(wy) then

IU’(X7 'w1UJ2) = M(Xa wQ)IU(w2X7 wl)'
Proof By Proposition 63 we have M (wjws) = M(w;) o M(wq). Therefore this

follows from the commutativity of the diagram:

V0! T V() S V()

la(x) la(’“Qx) la(“’lwx)

HOW) o HOV) o HOW)

g

z%i

Lemma 30 If w = s; is a simple reflection, then u(x,w) = %Tk + (1 — %)1_z%,

where z € T(C) corresponds to x as in Section 19.

Proof Since 1y, and T € H(W) correspond to ¢, and ¢, defined by (88) under
the map «, this is equivalent to the formula

M(Sk)¢l = lqssk + (1 — l) = ¢17
q q

1 — zo

which we will prove. It is sufficient to compare the values of both sides at w € W,
so what we need to prove is that

(M (s)¢1)(w) =

(1-1) & tw=1
% if w = s,
0

otherwise.

We may assume that (81) is satisfied so that the integral is convergent; otherwise,
the result is still true by analytic continuation. Therefore |2z,,| < 1. Note that

M(s)n (1) = /F b1 (z’ak ( . )w) dz. (89)
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First suppose that w = 1. If x € 0 then

C)-GeE) (r)e

and ¢ (isk ( 1 _xl )) = 0 by definition. If z & o then

()= ) (e

-1
and the integrand equals |z| 1y (ia ( o . )) = |z|” 1z32d‘x| Therefore

M(s0)é1(1) = / 2| 22
F—o

The contribution for z € 0*w ™" is [¢| "2} times the volume ¢"(1 —¢™') of 0*w ™.

Thus
Z Ok
Mg =0 -3k = (1-1) F o

Next consider the case where w = s;. In that case, the integral is

[l (2 )

The integrand is in B(F')J if and only if « € p, in which case the value is 1; thus the
integral has value ¢ *
It may be checked that there are no other cases where (89) is nonzero. U
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