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Abstract—Generating safe motion plans in real-time is nec-
essary for the wide-scale deployment of robots in unstructured
and human-centric environments. These motion plans must be
safe to ensure humans are not harmed and nearby objects are
not damaged. However, they must also be generated in real-
time to ensure the robot can quickly adapt to changes in the
environment. Many trajectory optimization methods introduce
heuristics that trade-off safety and real-time performance, which
can lead to potentially unsafe plans. This paper addresses this
challenge by proposing Safe Planning for Articulated Robots
Using Reachability-based Obstacle Avoidance With Spheres
(SPARROWS). SPARROWS is a receding-horizon trajectory
planner that utilizes the combination of a novel reachable set
representation and an exact signed distance function to gener-
ate provably-safe motion plans. At runtime, SPARROWS uses
parameterized trajectories to compute reachable sets composed
entirely of spheres that overapproximate the swept volume of the
robot’s motion. SPARROWS then performs trajectory optimiza-
tion to select a safe trajectory that is guaranteed to be collision-
free. We demonstrate that SPARROWS’ novel reachable set is
significantly less conservative than previous approaches. We also
demonstrate that SPARROWS outperforms a variety of state-
of-the-art methods in solving challenging motion planning tasks
in cluttered environments. Code, data, and video demonstrations
can be found at https://roahmlab.github.io/sparrows/.

I. INTRODUCTION

Robot manipulators have the potential to make large, pos-
itive impacts on society and improve human lives. These
potential impacts range from replacing humans performing
dangerous and difficult tasks in manufacturing and construc-
tion to assisting humans with more delicate tasks such as
surgery or in-home care. In each of these settings, the robot
must remain safe at all times to prevent harming nearby
humans, colliding with obstacles, or damaging high-value
objects. It is also essential that the robot generate motion
plans in real-time so as to perform any given task efficiently
or to quickly adjust their behavior to react to changes in the
environment.

Modern model-based motion planning frameworks typically
consist of a high-level planner, a mid-level trajectory planner,
and a low-level tracking controller. The high-level planner
generates a path consisting of a sequence of discrete waypoints
between the robot’s start and goal configurations. The mid-
level trajectory planner calculates velocities and accelerations
at specific time intervals that move the robot from one way-
point to the next. The low-level tracking controller generates
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Fig. 1: This paper presents SPARROWS, a method that is capable of
generating safe motion plans in dense and cluttered environments for single-
and multi-arm robots. Here, both arms have start and goal configurations
shown in blue and green, respectively. Prior to planning, SPARROWS is given
full access to polytope overapproximations of obstacles to compute an exact
signed distance function of the scene geometry. At runtime, SPARROWS
combines the signed distance function with the novel Spherical Forward
Occupancy as obstacle-avoidance constraints for SPARROWS to generate
safe trajectories between the start and goal in a receding horizon manner.
Each trajectory is selected by solving a nonlinear optimization problem such
that an overapproximation (purple) of the swept volume of its entire motion
remains collision-free. Note in this figure, a small, thin barrier is placed to
prevent unwanted collisions between the two arms. A video demonstration
can be found at https://roahmlab.github.io/sparrows/.

control inputs that attempt to minimize deviations from the
desired trajectory. For example, one may use a high-level
sampling-based planner such as a Probabilistic Road Map [1]
to generate discrete waypoints for a trajectory optimization
algorithm such as CHOMP [2] or TrajOpt [3], and track
the resulting trajectories with an appropriately designed low-
level inverse dynamics controller [4]. While variations of this
framework have been demonstrated to work on various robotic
platforms, there are several limitations that prevent wide-scale
deployment in the real-world. For instance, this approach
can become computationally demanding as the complexity of
the robot or environment increases, making it less practical
for real-time applications. Many algorithms also introduce
heuristics such as reducing the number of collision checks to
achieve real-time performance at the expense of robot safety.
Furthermore, it is often assumed that the robot’s dynamics
are fully known, while in reality there can be considerable
uncertainty. Unfortunately, both of these notions increase the
potential for the robot to collide with obstacles.

Reachability-based Trajectory Design (RTD) [5] is a recent
example of a hierarchical planning framework that uses a mid-
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level trajectory planner to enforce safety. RTD combines zono-
tope arithmetic [6] with classical recursive robotics algorithms
[7] to iteratively compose reachable sets for high dimensional
systems such as robot manipulators [8]. During planning,
reachable sets are constructed at runtime and used to enforce
obstacle avoidance in continuous-time. In addition to gener-
ating collision-free trajectories, RTD has been demonstrated
to select trajectories that are guaranteed to be dynamically
feasible even in the presence of uncertainty [9]. Notably, RTD
is able to accomplish provably-safe planning in real-time.
Howeyver, as we show here, the RTD reachable set formulation
for manipulators [8]-[10] tends to be overly conservative. This
work proposes a novel reachable set formulation composed
entirely of spheres that is tighter than that of RTD. We
demonstrate that this novel reachable set formulation enables
planning in extremely cluttered environments, whereas RTD
fails to find feasible paths, largely due to the size of its
reachable sets.

A. Related Work

The purpose of a safe motion planning algorithm is to ensure
that a robot can move from one configuration to another while
avoiding collisions with all obstacles in its environment for all
time. Ideally, one would ensure that the entire swept volume
[11]-[15] of a moving robot does not intersect with any objects
nor enter any unwanted regions of its workspace. Although
swept volume computation has long been used for collision
detection during motion planning [16], computing the exact
swept volumes of articulated robots such as serial manipulators
is analytically intractable [17]. Instead, many algorithms rely
on approximations using CAD models [18]-[20], occupancy
grids, and convex polyhedra. However, these methods often
suffer from high computational costs and are generally not
suitable when generating complex robot motions and are there-
fore most useful when applied while motion planning offline
[21]. Furthermore, approximate swept volume algorithms may
be overly conservative [20], [22] and thus limit the efficiency
of finding a feasible path in cluttered environments. To address
some of these limitations, [23] used a precomputed swept
volume to perform a parallelized collision check at run-time.
Unfortunately, these precomputed swept volumes need to be
recomputed whenever the robot grasps an object.

An alternative to computing swept volumes for obstacle
avoidance is to model the robot, or the environment, with
simple geometric primitives such as spheres [24], [25], el-
lipsoids [26], capsules [27], [28], or convex polygons and
perform collision-checking along a given trajectory at discrete
time instances. This is common for state-of-the-art trajectory
optimization-based approaches such as CHOMP [2], TrajOpt
[3], MPOT [29], and cuRobo [30]. CHOMP represents the
robot as a collection of discrete spheres and maintains a safety
margin with the environment by utilizing a signed distance
field. TrajOpt represents the robot and obstacles as the support
mapping of convex shapes. Then, the distance and penetration
depth between two convex shapes is computed by the Gilbert-
Johnson-Keerthi [31] and Expanding Polytope Algorithms

[32], respectively. MPOT represents the robot geometry and
obstacles as spheres and implements a collision cost using an
occupancy map [29]. cuRobo represents the robot as a col-
lection of spheres and solves multiple trajectory optimization
problems that avoid colliding with the environment in parallel
in GPU. Although these approaches have been demonstrated
to solve challenging motion planning tasks in real-time, the
resulting trajectories cannot be considered safe as collision
avoidance is only enforced as a soft penalty in the cost
function.

Reachability-based Trajectory Design (RTD) [5] is a recent
approach to real-time motion planning that generates provably
safe trajectories in a receding-horizon fashion. At runtime,
RTD uses (polynomial) zonotopes [33] to construct reach-
able sets that overapproximate all possible robot positions
corresponding to a pre-specified continuum of parameterized
trajectories. RTD then solves a nonlinear optimization problem
to select a feasible trajectory such that the swept volume
corresponding to that motion is guaranteed to be collision-free.
If a feasible trajectory is not found, RTD executes a braking
maneuver that brings the robot safely to a stop. Importantly,
the reachable sets are constructed such that obstacle-avoidance
constraints are satisfied in continuous-time. However, while
extensions of RTD have demonstrated real-time, certifiably-
safe motion planning for robotic arms [8]-[10] with seven
degrees of freedom, RTD’s reachable sets tend to be overly
conservative as we demonstrate in this paper.

B. Contributions

To address the limitations of existing approaches, this
paper proposes Safe Planning for Articulated Robots Us-
ing Reachability-based Obstacle Avoidance With Spheres
(SPARROWS). The proposed method combines reachability
analysis with sphere-based collision primitives and an exact
signed distance function to enable real-time motion planning
that is certifiably-safe, yet less conservative than previous
methods. This paper’s contributions are three-fold:

I. A novel reachable set representation composed of over-
lapping spheres, called the Spherical Forward Occupancy
(830), that overapproximates the robot’s reachable set
and is differentiable;

II. An algorithm that computes the exact signed distance
between a point and a three dimensional zonotope;

III. A demonstration that SPARROWS outperforms similar
state-of-the-art methods on a set of challenging motion
planning tasks.

The remainder of this manuscript is organized as follows:
Section II summarizes the set representations used throughout
the paper and gives a brief overview of signed distance func-
tions; Section III describes how the robot arm and environment
are modeled; Section IV describes the formulation of the
safe motion planning problem using the Spherical Forward
Occupancy and an exact signed distance function; Section V
summarizes the evaluation of the proposed method on a variety
of different example problems.



TABLE I: Summary of polynomial zonotope operations.

Operation | Computation
P; &P, (Minkowski Sum) [9, eq. (10)] Exact
P, P, (PZ Multiplication) [9, eq. (11)] Exact
slice(P,xj,0) (4) Exact
sup(P) (5) and inf(P)(6) Overapproximative

II. PRELIMINARIES

This section establishes the notation used throughout the pa-
per and describes the set-based representations and operations
used throughout this document.

A. Notation

Sets and subspaces are typeset using capital letters. Sub-
scripts are primarily used as an index or to describe a particular
coordinate of a vector. Let R and N denote the spaces of real
numbers and natural numbers, respectively. The Minkowski
sum between two sets A and A’ is AGA ={a+d |a€
A, d € A'}. Let & € R" denote the [™ unit vector in the
standard orthogonal basis. Given vectors @, let [@]; denote the
i-th element of a. Given oo € R" and € > 0, let B(a, €) denote
the n-dimensional closed ball with center o and radius &
under the Euclidean norm. Given vectors a, 8 € R", let a ® 8
denote element-wise multiplication. Given a set Q C R", let
dQ C R be its boundary, Q¢ C R™ denote its complement,
and co(Q) denote its convex hull.

B. Polynomial Zonotopes

We present a brief overview of the defintions and operations
on polynomial zonotopes (PZs) that are used throughout
the remainder of this document. A thorough introduction to
polynomial zonotopes is available in [33].

Given a center ¢ € R", ng € N dependent generators g; €
R", ny € N independent generators h; € R", and exponents
o; € N* for i € {0,...,n,}, a polynomial zonotope is a set:

g p
P= {ZER” |z=c+ Zgixa"-i- Zhjyj,xe [—1,1]", (1)
i=1 j=1

yje[_171]}' (2)

For each i € {1,...,n,}, we refer to x% as a monomial. We
refer to x € [—1,1]" and y; € [—1,1] as indeterminates for the
dependent and independent generators, respectively. Note that
one can define a matrix polynomial zonotope by replacing the
vectors above with matrices of compatible dimensions.

Throughout this document, we exclusively use bold symbols
to denote polynomial zonotopes. We also introduce the short-
hand P = PZ(c,gi,0,%,hj,y;) when we need to emphasize
the generators and exponents of a polynomial zonotope. Note
that zonotopes are a special subclass of polynomial zonotopes
whose dependent generators are all zero [33].

C. Polynomial Zonotope Operations

There exists a variety of operations that one can perform on
polynomial zonotopes such as minksowski sums, multiplying
two or more polynomial zonotopes, and generating upper
and lower bounds. As illustrated in Tab. I, the output of
these operations is a polynomial zonotope that either exactly

represents or over approximates the result of the operation on
each individual element of the polynomial zonotope inputs.
For the interested reader, the operations given in Tab. I are
rigorously defined in [9].

1) Interval Conversion: Intervals can be represented as
polynomial zonotopes. Let [z] = [z,Z] C R”, then [z] can be
converted to a polynomial zonotope z using

_ no=
p= Ly Ay 3)

i=1

where x € [—1,1]" is the indeterminate vector.

2) Slicing a PZ: One particularly useful property of poly-
nomial zonotopes is the ability to obtain various subsets by
plugging in different values of known indeterminates. To
this end, we introduce the “slicing” operation whereby a
new subset is obtained from a polynomial zonotope P =
PZ(c,gi,i,x,hj,y;) is obtained by evaluating one or more
indeterminates. Thus, given the j® indeterminate x; and a
value o € [—1,1], slicing yields a subset of P by plugging
o into the specified element x;:

=l

g
slice(P,xj,0) CP= {ze P|z= Zgixa",xj = 0'}. 4)
i=0

3) Bounding a PZ: In later sections, we also require
operations to bound the elements of a polynomial zonotope.
We define the sup and inf operations, which return these
upper and lower bounds, by setting the monomials x% = 1
and adding or subtracting all of the generators to the center,
respectively. For P C R", these operations return

g )

sup(P)=go+ Y lgil+ ) |l (5)
i=1 i=1
l"ﬁ’ Jn/l

inf(P)=go— Y lgil— Y |hj]. (6)
i=1 j=1

Note that these operations efficiently generate upper and lower
bounds on the values of a polynomial zonotope through
overapproximation.

D. Distance Functions and Projections onto Sets

The method we propose utilizes a signed distance function
to compute the distance between the robot and obstacles:

Definition 1. Given a subset Q of R", the signed distance
function sy between a point is a map sg: R" — R defined as
d(x;0Q)

—d(x;0Q)

if x € Q

if xeQ, 2

sq(x;Q) = {

where d(x;Q) is the distance function associated with Q and
defined by:

d(x;Q) = mi -l 8

(:Q) = min [ =] ®)

The exact signed distance function algorithm developed in
Sec. IV-C utilizes Euclidean projections onto sets.



-/
g

Fig. 2: A visualization of the robot arm and its environment. The obstacles
are shown in red and the robot is shown in grey (translucent). The volume of
each joint is overapproximated by a sphere, shown in purple, in the workspace.
Each link volume is overapproximated by a tapered capsule formed by the
convex hull shown in light purple of two consecutive joint spheres (Assum.
5).

Definition 2. For any x € R", the Euclidean projection ¢ from
c to Q CR™ s defined as

P(xQ)={oecQ||x-0|=dxQ)}. &)

III. ARM AND ENVIRONMENT MODELING

This section summarizes the environment, obstacles, and
robot models used throughout the remainder of the paper.

A. Environment

The arm must avoid obstacles in the environment while
performing safe motion planning. We begin by stating an
assumption about the environment and its obstacles:

Assumption 3. The robot and obstacles are all located in a
fixed inertial world reference frame, which we denote W C R3.
We assume the origin of W is known and that each obstacle
is represented relative to the origin of W. At any time, the
number of obstacles n € N in the world is finite. Let 0 =
{01,0,,...,0,} be the set of all obstacles. Each obstacle is
convex, bounded, and static with respect to time. For each
obstacle, we have access to a zonotope that overapproximates
the obstacle’s volume. See Fig. 2.

Note that any convex, bounded object can always be over-
approximated by a zonotope [6]. In addition, any non-convex
bounded obstacle can be outerapproximated by its convex hull.
For the remainder of this document, safety is checked using
the zonotope overapproximation of each obstacle.

B. Arm Kinematics

This work considers an n, degree of freedom serial robotic
manipulator with configuration space Q. Given a compact time
interval 7 C R, we define a trajectory for the configuration as
q:T — Q CR"™ and a trajectory for the velocity as ¢: T —
R". We make the following assumptions about the structure
of the robot model:

Assumption 4. The robot operates in a three dimensional
workspace, denoted Wy C R3, such that Wy C W. There exists
a reference frame called the base frame, which we denote the
0" frame, that indicates the origin of the robot’s kinematic
chain. The transformation between the robot’s base frame and
the origin of the world frame is known. The robot is fully
actuated and composed of only revolute joints, where the j"
joint actuates the robot’s j™ link. The robot’s j™ joint has
position and velocity limits given by q;(t) € [q;ﬁm,q;fhm] and
qi(t) € [q;lim,q]fhm] for all t € T, respectively. The robot’s
input is given by u: T — R".

Recall from Assum. 4 that the transformation from world
from to the the robot’s O, or base, frame is known. We
further assume that the ;% reference frame {%;,;,2;} is
attached to the robot’s j™ revolute joint, and that Z; =[0,0,1] "
corresponds to the j" joint’s axis of rotation.

Then the forward kinematics FK; : Q — R*** maps a time-
dependent configuration, ¢(t), to the pose of the j™ joint in
the world frame:

e at0) = [T o) = [147) 740] o
where
Ra0) = Ra) = TTR ) )
and
pila(1)) = liRz(q(t))pﬁ‘l- (12)

Note that we use the revolute joint portion of Assum. 4
to simplify the description of forward kinematics; however,
these assumptions and the methods described in the following
sections can be readily be extended to other joint types such as
prismatic or spherical joints in a straightforward fashion. Note
that the lack of input constraints means that one could apply
an inverse dynamics controller [4] to track any trajectory of
the robot perfectly. It is also possible to deal with the tracking
error due to uncertainty in the robot’s dynamics [9]. However,
this is outside of the scope of the current work and as a result,
we focus exclusively on modeling the kinematic behavior of
the manipulator.

C. Arm Occupancy

Next, we use the arm’s kinematics to define the forward
occupancy which is the volume occupied by the arm in the
workspace. Let L; C R3 denote the volume occupied by the ;i
link with respect to the j" reference frame. Then the forward
occupancy of link j is the map FO; : Q — P(W;) defined as

FO;(q(1)) = pj(a(1)) ©R;(q(1))L;, (13)
where p;i(q()) the position of joint j and R;(g(t))L; is the
rotated volume of link j. The volume occupied by the entire



Algorithm 1: {FK;(q(T;;K)) : j € N;} = PzFK(q(T;: K))
1: po(q(T;;K)) <=0
2: Ro(q(Ti;K)) + By3
3: for J=1ling ]
4 RY(qi(TiK)).pj(a(TiiK)) « ] (qj(TiK))
5 py(a(TiK)) « py1(q(TiK)) & Ri_1(q(Ti:K)p] '
6 Rj(a(T;K)) — Ry 1(q(TisK)RI™ (q5(T;;K))
7 FKj(q(Ti:K)) < {Rj(q(Ti;K)), pj(a(Ti: K))}
8: end for

arm in the workspace is given by the function FO : Q — W;
that is defined as

Fo(g(r)) = | FO,(q(1)) C W (14)
j=1

Note that any of the robot’s link volumes L; may be
arbitrarily complex. We therefore introduce an assumption to
simplify the construction of the reachable set in Sec. IV-B:

Assumption 5. For every j € {1,...,n,} there exists a sphere
of radius r; with center p;(q(t)) that overapproximates the
volume occupied by the j™ joint in Wy. Furthermore, the link
volume L; is a subset of the tapered capsule formed by the
convex hull of the spheres overapproximating the j™ and j+
1" joints. See Fig. 2.

Following Assum. 5, we define the sphere S;(¢(r)) overap-
proximating the j joint as

Si(q(1)) = B(pj(q(t)),r))

and the tapered capsule 7C;(g(t)) overapproximating the jf
link as

15)

TC,(q(1) = co(S,(a() Ui (a)).  (16)
Then, (13) and (14) can then be overapproximated by
FO;(q(1)) € co($)(a(0)) U1 (q(r)))
=TC;(q(1)), )
and .
FO(q(1))  |JTCj(q(r)) C Wy, (18)
j=1
respectively.

For convenience, we use the notation FO(¢(T)) to denote
the forward occupancy over an entire time interval 7. Note
that we say that the arm is in collision with an obstacle if
FO;(q(t)) N Oy # 0 for any j € N, or { € No where Ny =

{1,...,n}.
D. Trajectory Design

SPARROWS computes safe trajectories by solving an op-
timization program over parameterized trajectories at each
planning iteration in a receding-horizon manner. Offline, we
pre-specify a continuum of trajectories over a compact set

K C R", n; € N. Then each trajectory, defined over a com-
pact time interval 7, is uniquely determined by a trajectory
parameter k € K. Note that we design K for safe manipulator
motion planning, but K may also be designed for other
robot morphologies or to accommodate additional tasks [8],
[34]-[36] as long as it satisfies the following properties:

Definition 6 (Trajectory Parameters). For each k € K, a
parameterized trajectory is an analytic function q(-;k) : T — Q
that satisfies the following properties:

1. The parameterized trajectory starts at a specified initial
condition (qo,qo), so that q(0;k) = qo, and ¢(0;k) = go.
II. Each parameterized trajectory brakes to a stop such that
q(t;k) = 0.
SPARROWS performs real-time receding horizon planning by
executing the desired trajectory computed at the previous plan-
ning iteration while constructing the next desired trajectory
for the subsequent time interval. Therefore, the first property
ensures each parameterized trajectory is generated online and
begins from the appropriate future initial condition of the
robot. The second property ensures that a braking maneuver
is always available to bring the robot safely to a stop.

IV. PLANNING ALGORITHM FORMULATION

The goal of this work is to construct collision free trajec-
tories in a receding-horizon fashion by solving the following
nonlinear optimization problem at each planning iteration:

1;321? cost(k) 19)
qj(t:5) € [ 5im: G jpim] ~ VEET,JEN,  (20)
qj(t:k) € [d75imr Gyiml -~ VIET,jEN, (1)
FO;(q(1:k))(1€ =0 VieT,jEN, (22)

The cost function (19) specifies a user- or task-defined ob-
jective, while each constraint guarantees the safety of any
feasible parameterized trajectory. The first two constraints
ensure that the trajectory does not violate the robot’s joint
position (20) and velocity limits (21). The last constraint (22)
ensures that the robot does not collide with any obstacles in
the environment.

Implementing a real-time algorithm to solve this optimiza-
tion problem is challenging for two reasons. First, obstacle-
avoidance constraints are typically non-convex [37]. Second,
each constraint must be satisfied for all time ¢ in a continuous,
and uncountable, time interval 7. To address these challenges,
this section develops SPARROWS a novel, real-time trajectory
planning method that combines reachability analysis with
differentiable collision primitives. We first discuss how to
overapproximate a family of parameterized trajectories that
the robot follows. Next, we discuss how to overapproximate
(18) using the Spherical Forward Occupancy (8F0O). Then,
we discuss how to compute the signed distances between the
forward occupancy and obstacles in the robot’s environment.
Finally, in Sec. IV-E we discuss how to combine the $FO
and signed distance function to generate obstacle-avoidance
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Fig. 3: A visualization of the Spherical Forward Occupancy construction for a robotic arm in 3D. (First column) The planning time horizon is partitioned into
a finite set of polynomial zonotopes (Sec. IV-Al) before computing the parameterized trajectory polynomial zonotopes shown in purple (Sec. IV-A2). The
time horizon consists of a planning phase [0,#,) and a braking phase [t,,%]. A single desired trajectory for each joint is shown in black. (Second column)
The polynomial zonotope forward kinematics algorithm (Sec. IV-A3) computes an overapproximation of the joint positions for each time interval. (Third
column) The joint position zonotopes are first overapproximated by axis-aligned boxes and (Fourth column) subsequently overapproximated by the smallest
sphere that circumscribes the box (Sec. IV-B1). For the sake of clarity, the insets in columns 2 through 4 depict the polynomial zonotope joint positions,
overapproximating boxes, and the circumscribed spheres as larger. (Fifth column) The radii of the circumscribed spheres are then added to the radii of the
nominal joint spheres (Assum. 5) to produce the Spherical Joint Occupancy (Lem. 9). (Sixth column) Finally, the Spherical Forward Occupancy is computed
for each link corresponding to the desired trajectory. (Seventh column) Note that SPARROWS generates link occupancies that are less conservative than

previous reachability methods [8], [9].

constraints for a real-time algorithm that can be used for safe
online motion planning.

A. Polynomial Zonotope Trajectories and Forward Kinematics

This subsection summarizes the relevant results from [9]
that are used to overapproximate parameterized trajectories
(Def. 6) using polynomial zonotopes.

1) Time Horizon and Trajectory Parameter PZs: We first
describe how to create polynomial zonotopes representing the
planning time horizon T'. We choose a timestep Az so that n; :=
All € N divides the compact time horizon 7 C R into n, time
subintervals denoted by N; := {1,...,n,}. We then represent
the i time subinterval, corresponding to 7 € [(i — 1)At,iAt], as
a polynomial zonotope Tj, where

T, = {t eT|r=""HAr 4 L, x, € -1, 1}} (23)

with indeterminate x; € [—1,1]. We also use polynomial
zonotopes to represent the set of trajectory parameters K.
For each j € {1,...,n,}, K; is the compact one-dimensional
interval K; = [—1,1] such that K is given by the Cartesian
product K = X;’il K;. Following (3), we represent the interval
Kj as a polynomial zonotope Kj = x;; where x;; € [—1,1] is
an indeterminate.

2) Parameterized Trajectories: Using the time partition
T; and trajectory parameter K; polynomial zonotopes de-
scribed above, we create polynomial zonotopes q;j(T;; K) and
;(T;;K) that overapproximate the parameterized position

(Fig. 3, col. 1) and velocity trajectories defined in Def. 6
for all 7 in the i time subinterval. This is accomplished by
plugging T; and K into the formulas for ¢;(t;k) and §;(z;k).
For convenience, we restate [9, Lemma 14] which proves
that sliced position and velocity polynomial zonotopes are
overapproximative:

Lemma 7 (Parameterized Trajectory PZs). The parameterized
trajectory polynomial zonotopes qj(Ti; K) are overapproxima-
tive, i.e., for each j € Ny and k € K;,

qj(t;k) € qj(Tizk) VreT; (24)
One can similarly define §;(Ti;K) that are also overapproxi-

mative.

3) PZ Forward Kinematics: We begin by representing the
robot’s forward kinematics (10) using polynomial zonotope
overapproximations of the joint position trajectories. Using
q(T;:K), we compute pj(q(T;i;K)) and R;j(q(T;;K)), which
represent overapproximations of the position and orientation of
the j™ frame with respect to frame (j— 1) at the i time step.
The polynomial zonotope forward kinematics can be computed
(Alg. 1) in a similar fashion to the classical formulation (10).
For convenience, we restate [9, Lemma 17] that proves that
this is overapproximative:

Lemma 8 (PZ Forward Kinematics). Let the polynomial
zonotope forward kinematics for the j™ frame at the i"* time



step be defined as

R;j(q(Ti;K)) pj(q(Ti;K))

FK;(q(T;:K)) = 0 1 , (29
where
j
R;(q(T;;K)) = HR{*(ql(Ti;K)), (26)
q(T;;K)) Z q(Ti;K))p (27)

then for each j € Ny, k € K, FK;(q(t;k)) € FK;(q(Ts;k)) for
all t € T.

B. Spherical Forward Occupancy Construction

This subsection describes how to use the parameterized
trajectory polynomial zonotopes discussed in Section IV-A
to construct the Spherical Forward Occupancy introduced in
Section IV-B2.

1) Spherical Joint Occupancy: We next introduce the
Spherical Joint Occupancy to compute an overapproximation
of the spherical volume occupied by each arm joint in the
workspace. In particular, we show how to construct a sphere
that overapproximates the volume occupied by the jM joint
over the i™ time interval T; given a parameterized trajectory
polynomial zonotope q(Tj;K). First, we use the polynomial
zonotope forward kinematics to compute p;(q(T;j;K)), which
overapproximates the position of the j™ joint frame (Fig. 3
col. 2). Next, we decompose p;j(q(Tj;K)) into

pj(a(Ti;K)) = C;(Ti; K) @ u;(Th),

where C;j(T;;K) is a polynomial zonotope that only contains
generators that are dependent on K, and uj(T;) is a zonotope
that is independent of K. We then bound u;(T;) with an axis-
aligned cube (Fig. 3, col. 3) that is subsequently bounded by
a sphere (Fig. 3, col. 4) of radius u;;. Finally, the Spherical
Joint Occupancy is defined as

Si(q(Ti;K)) = Cj(Ti; K) & B(0, )+ uj;),

where C;(T;;K) is a polynomial zonotope representation of
the sphere center, r; is the radius nominal joint sphere, and
u;; is the sphere radius that represents additional uncertainty in
the position of the joint. Because C;(T;j;K) is only dependent
on K, slicing a particular trajectory parameter k € K yields a
single point for the sphere center C;(T;; k). We state this result
in the following lemma whose proof is in Appendix A-A:

(28)

(29)

Lemma 9 (Spherical Joint Occupancy). Let the Spherical Joint
Occupancy for the j™ frame at the i time step be defined as

Si(q(Ti;K)) = C;(Ti; K) ®B(0,r +uj;), (30)

where C;(T;i;K) is the center of pj(q(Ti;K)), r; is the radius
of Sj(q(t;k)), and u;; is the radius of a sphere that bounds
the independent generators of pj(q(Ti;K)). Then,

Sj(q(t:k))) < Sj(q(Ti; k) 3D
for each jeN,, k€K, Sj(q(t;k)) € Sj(q(Ti;k)) for all t € T;.

2) Spherical Forward Occupancy: Previous work [9] used
(13) along with Lem. 8 to overapproximate the forward occu-
pancy of the j link over the i time step using polynomial
zonotopes:

FO;(q(T;:K)) = p;j(q(Ti: K)) @ Rj(q(T;: K))L;.

Our key insight is replacing (13) with an alternate represen-
tation based on a tapered capsule (17). Recall from Assum.
5 that the j™ link can be outer-approximated by the tapered
capsule formed by the two spheres encompassing the closest
joints. Sec. IV-B1 described how to overapproximate each
joint volume over a continuous time interval T;. Therefore,
by Assum. 5, the volume occupied by ;M link over the
T; is overapproximated by the tapered capsule formed by
S;(q(Ti;k)) and S;11(q(T;;k)) for a given trajectory parameter
keK:

TC;(q(Tisk)) = co(S;(q(Ti;k)) US;1(q(Ti:k)))

(32)

vt € Tj.
(33)
However, tapered capsules are not ideal for performing
collision checking with arbitrary, zonotope-based obstacles.
Instead, we introduce the Spherical Forward Occupancy (8F0)
to overapproximate TC;(q(Tj;k)) with ny € N spheres (Fig. 3,
col. 6):

Theorem 10 (Spherical Forward Occupancy). Let ny; € N be
given and let the Spherical Forward Occupancy for the j* link
at the i"" time step be defined as

8F0;(a(Ti;k)) = {S;im(a(Ti;k)) : m € Ny}, (34)
where Ny={1,--- ,ns} and
S;im(@(Tisk)) = B(Cjim(k),7jim(K)), (35)

is the m™ link sphere with with center ¢;; (k) and radius
Fiim (k) Then

TCi(q(Ti;k)) C 8F0,(q(Tisk))
for each je Ny, k€K andt cT;

(36)

Theorem 10 yields a tighter reachable set (Fig. 3, col. 6)
compared to previous methods (Fig. 3, col. 7) while remaining
overapproximative. Sec. IV-E describes how the Spherical
Forward Occupancy is used to compute collision-avoidance
constraints.

C. Exact Signed Distance Computation

The Spherical Forward Occupancy constructed in IV-B2
is composed entirely of spheres, where each sphere can be
considered a point with a margin of safety corresponding
to its radius. Therefore, utilizing spheres within obstacle-
avoidance constraints requires only point-to-obstacle distance
calculations. To make use of this sphere-based representation
for trajectory planning, this subsection presents Alg. 2 for
computing the exact signed distance between a point and a
zonotope in 3D based on the following lemma whose proof
can be found in the appendix:



Algorithm 2: SDF(0O,¢)
1: Ab,E+ O
. dface + max(Ac—b)
. if diee <0 // check negative distances to faces
Return dj,c.
: else // check positive distances to faces
for iA =1: ma
dface (AC - b)iA
Pface < € —dface 'AZ;
if dpyee > 0 and max(Apgee —b) <0
Return dj,c.
end if
end for
: end if
: dedge < inf
: for ig = 1:|E| // check distances to edges
dedge — min(d(c,E,-E), dedge)
: end for
: Return degee

R A A S

e e e

Lemma 11. Given an obstacle zonotope O € R3, consider its
polytope representation with normalized rows (A,b) and edges
E computed from its vertex representation. Then for any point
ceR?,

max(Ac—b) ifce0
sa(c;0) = (Ac—b);, if ¢ ¢ O,max(Appace —b) <0
EminEd (c;Eip) otherwise
€

’ (37)
ip indexes the rows of (Ac—Db), ig indexes the edges of E, and
Pface = € — (Ac —b);, ~A£ is the projection of ¢ onto the is™
hyperplane of O whose normal vector is given by Ai{\.

D. Trajectory Optimization

We combine parameterized polynomial zonotope trajecto-
ries (Sec. IV-A) with the Spherical Forward Occupancy (Sec.
IV-B2) and an exact signed distance function (Sec. IV-C) to
formulate the following trajectory optimization problem:

min cost (k) (Opt) (38)
kek
q;j(Ti;k) C [q;ﬁm7q;:lim] (i, j) € Ni X Ny (39)
4i(Ti3k) € (47 1im» 4 i) V(i,j) € Ni x Ny (40)

SDF (O, jim(K)) > Fjim(K)
V(i, j,m,n) € Ny x Ny x Ny X No, (41)
where i € NV; indexes the time intervals T;, j € N, indexes the
j™ robot joint, m € Ny indexes the spheres in each link forward

occupancy, and n € Ng indexes the number of obstacles in the
environment.

E. Safe Motion Planning

SPARROWS’s planning algorithm is summarized in Alg. 3.
The polytope representation (A,b) and edges E for computing

Algorithm 3: SPARROWS Online Planning
1: Require: 7, >0, N;,N; € N, 0, SDF, and cost : K — R.
2: Initialize: i =0, 1; =0, and
{k*} = Opt(’z]stamO’O: ﬁ7 COSth:[VhNSv SDF78§O)
3: If k;f = NaN, then break
4: Loop:
5./l Line 6 executes simultaneously with Lines 7 — 9 //
6: // Use Lem. 9, Thm. 10, and Alg. 2//
Execute g,(t;k}) on robot for ¢ € [t;,t; +1,]
7: {k;'k+1 = Opt(qd(tp;kj)7q.fj(tp;kj)7qtjj(tp;k;f)v ﬁv
cost,ty,Ni,Ns, SDF,8F0)
8. If k;‘H = NaN, then break
9: Elsetj |« ti+1pand i+ i+1
10: End
11: Execute g,(t;k}) on robot for t € [t; +1,,1; + 1]

the signed distance (Alg. 2) to each obstacle O, € & are
computed offline before planning. Every planning iteration is
given t, seconds to find a safe trajectory. The 8JO (Lem. 9)
is computed at the start of every planning iteration outside of
the optimization problem and the SFO (Thm. 10) is computed
repeatedly while numerically solving the optimization prob-
lem. If a solution to (Opt) is not found, the output of Alg.
3 is set to NaN and the robot executes a braking maneuver
(Line 11) using the trajectory parameter found in the previous
planning iteration. To facilitate real-time motion planning,
analytical constraint gradients for (39)—(41) are provided to
aid computing the numerical solution of (Opt).

V. DEMONSTRATIONS

We demonstrate SPARROWS in simulation using the Ki-
nova Gen3 7 DOF manipulator. Code, data, and video demon-
strations can be found at https://roahmlab.github.io/sparrows/.

A. Implementation Details

Experiments for SPARROWS, ARMTD [8], and MPOT [29]
were conducted on a computer with an Intel Core 17-8700K
CPU @ 3.70GHz CPU and two NVIDIA RTX A6000 GPUs.
Baseline experiments for CHOMP [2] and TrajOpt [3] were
conducted on a computer with an Intel Core i9-12900H @
4.90GHz CPU. Polynomial zonotopes and their arithmetic are
implemented in PyTorch [38] based on the CORA toolbox
[39].

1) Simulation and Simulation Environments: We use a
URDF of the Kinova Gen3 7-DOF serial manipulator [40]
from [41] and place its base at the origin of each simulation
environment. Collision geometry for the robot is provided as a
mesh, which we utilize with the trimesh library [42] to check
for collisions with obstacles. Note that we do not check self-
collisions of the robot. For simplicity, all obstacles are static,
axis-aligned cubes parameterized by their centers and edge
lengths. We assume that the start and goal configurations of
the robot are collision-free. Although we do not assume that
a feasible path exists in each environment, most scenes were
determined to be feasible by running an RRT [43] for several
minutes.
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2) Signed Distance Computation: Recall from Assum. 3
that each obstacle is represented by a zonotope Z. The edges
E and polytope representation (A, b) of Z are computed offline
before planning begins. PyTorch is used to build the computa-
tion graph for calculating the signed distances in Alg. 2. The
analytical gradients of the output of Alg. 2 are derived and
implemented to speed up the optimization problem (Opt).

3) Desired Trajectory: We parameterize the trajectories
with a piece-wise linear velocity such that the trajectory
parameter k = (ky,--+ ,kn,) € R" is a constant acceleration
over the planning horizon [0,7,). The trajectories are also
designed to contain a constant braking acceleration applied
over [t,,] that brings the robot safely to a stop. Thus, given an
initial position go and velocity ¢o, the parameterized trajectory
is given by:

G0+ dot + 1ke?, re0.1,)

q(t:k) = { o+ qotp + ykij+ (42)
(40tp+kzp)%jz[§’)—’v>’ L€ [tpt)-

4) Optimization Problem Implementation: SPARROWS

and ARMTD utilize IPOPT [44] for online planning by solving

(Opt). The constraints for (Opt), which are constructed
from the Spherical Joint Occupancy (Lem. 9) and Spherical
Forward Occupancy (Thm. 10), are implemented in PyTorch
using polynomial zonotope arithmetic based on the CORA
toolbox [39]. All of the constraint gradients of (Opt) were
computed analytically to improve computation speed. Because
polynomial zonotopes can be viewed as polynomials, all of
the constraint gradients can be readily computed using the
standard rules of differential calculus.

5) Comparisons: We compare SPARROWS to ARMTD (8]
where the reachable sets are computed with polynomial zono-
topes similar to [9]. We also compare to CHOMP [2], TrajOpt
[3], cuRobo [30], and MPOT [29]. We used the ROS Movelt
[45] implementation for CHOMP, Tesseract Robotics’s ROS
package [46] for TrajOpt, and the original implementation for
MPOT [29]. Note that MPOT’s signed distance function was
modified to account for the obstacles in the planning tasks we
present here. Although CHOMP, TrajOpt, cuRobo, and MPOT
are not receding-horizon planners, each method provides a
useful baseline for measuring the difficulty of the scenarios
encountered by SPARROWS. Note that for simplicity, we
do not consider self-intersection constraints for SPARROWS
or any of the baseline methods. We also include a detailed
discussion in App. B on how the parameters in each of the
baseline methods were tuned.

B. Runtime Comparison with ARMTD

We compare the runtime performance of SPARROWS to
ARMTD while varying the number of obstacles, maximum ac-
celeration, and planning time limit. We measure the mean con-
straint evaluation time and the mean planning time. Constraint
evaluation includes the time to compute the constraints and the
constraint gradients. Planning time includes the time required
to construct the reachable sets and the total time required to

Methods mean constraint evaluation time [ms]
# Obstacles (s) 10 [ 20 [ 40

SPARROWS (7/24) || 3102 | 38 0.1 | 5101
ARMTD (1/24) 41£03 | 54£05 | 8307
SPARROWS (7/6) || 3.1 %01 | 38201 | 5201
ARMTD (71/6) 41£03 | 54£05 | 8107

TABLE II: Mean runtime for constraint and constraint gradient evaluation
across 100 task scenes in the Random Obstacle Scenarios with a single
Kinova arm for SPARROWS and ARMTD under a 0.5s planning time limit
1

Methods mean planning time [s]
# Obstacles (s) 10 [ 20 [ 40
SPARROWS (7/24) 0.14 = 0.07 | 0.16 + 0.08 | 0.20 + 0.09
ARMTD (7r/24) 0.18 £0.08 | 0.30 + 0.10 | 0.45 £ 0.08
SPARROWS (7/6) 0.16 £0.08 | 0.18 +0.08 | 0.24 + 0.09
ARMTD (7/6) 0.24 £0.09 | 0.38 +0.10 | 0.51 +0.04

TABLE III: Mean per-step planning time across 100 task scenes in the
Random Obstacle Scenarios with a single Kinova arm for SPARROWS and
ARMTD under a 0.5s planning time limit |. Red indicates that the average
planning time limit has been exceeded.

solve (Opt) including constraint gradients evaluations. We
consider planning scenarios with n = 10, 20, and 40 obstacles
each placed randomly such that each obstacle is reachable by
the end effector of the robot. We also consider two families
of parameterized trajectories (42) such that the maximum
acceleration is 77/24 rad/s> or m/6 rad/s?, respectively. The
robot is allowed to have 7, 14, or 21 degrees of freedom
by having 1, 2, or 3 Kinova arms in the environment. The
maximum planning time is limited to 0.15s, 0.25s, or 0.5s for
the 7 DOF arm and 0.5s and 1.0s for the 14 and 21 DOF
arms. For each case, the results are averaged over 100 trials.

Tables II and III summarize the results for a 7 DOF robot
with a 0.5s planning time limit. SPARROWS (7r/24) has the
lowest mean constraint evaluation time and per-step planning
time followed by SPARROWS (7/6). For each maximum
acceleration condition, SPARROWS’ average planning time
is almost twice as fast as ARMTD when there are 20 or
more obstacles. Note that we see a similar trend when the
planning time is limited to 0.25s and 0.15s. Further note that
under planning time limits of 0.25s (Table X) and 0.15s (Table
XI), ARMTD is unable to evaluate the constraints quickly
enough to solve the optimization problem within the allotted
time as the number of obstacles increases (Table X). This is
consistent with the cases when ARMTD’s mean planning time
limit exceeds the maximum allowable planning time limits in
Tables III, XII, and XIII.

Tables V and IV present similar results for robots with 14
and 21 degrees of freedom. Similar to the previous results,
SPARROWS computes the constraints and constraint gradients
almost twice as fast as ARMTD. Furthermore, compared to
SPARROWS, ARMTD struggles to generate motion plans in
the allotted time.

C. Motion Planning Experiments

We evaluate the performance of SPARROWS on two sets
of task scenes. The first set of scenes, Random Obstacle



Fig. 4: Subset of Realistic Scenarios where SPARROWS succeeds. The start, goal, and intermediate poses are shown in blue, green, and grey (transparent),
respectively. Obstacles are shown in red (transparent). The tasks include reaching from one side of a wall to another, between two small bins, from below to
above a shelf, around one vertical post, and between two horizontal posts. Video demonstrations can be found at https://roahmlab.github.io/sparrows/.

Methods mean constraint evaluation time [ms]
# DOF 14 21
# Obstacles 5 [ 10 [ 15 5 [ 10 [ 15
SPARROWS (7/24) 39+0.2 | 46 +0.2 54 + 0.1 4.8 + 0.2 6.0 = 0.1 7.2 +0.1
ARMTD (7r/24) 84+06 | 94+0.7 | 10.7+0.8 129 +09 | 145+0.7 | 16.1 £0.8
SPARROWS (70/6) 39+03 | 46 0.2 54 + 0.1 4.8 + 0.1 6.0 = 0.1 7.2 +0.1
ARMTD (7/6) 84+06 | 94+0.7 | 10.6+0.7 128 +08 | 145+0.7 | 167+ 1.4

TABLE IV: Mean runtime for constraint and constraint gradient evaluation across 100 task scenes in the Random Obstacle Scenarios with 2 or 3 Kinova

arms for SPARROWS and ARMTD under a 1.0s planning time limit |.

Methods mean planning time [s]
# DOF 14 21
# Obstacles 5 [ 10 [ 15 5 [ 10 [ 15
SPARROWS (7/24) 033 +£0.10 | 037 £ 0.14 | 041 + 0.16 || 0.63 = 0.14 | 0.67 + 0.16 | 0.71 + 0.16
ARMTD (7/24) 038 £0.10 | 0.57 £0.16 | 0.76 £ 0.17 0.70 £ 0.13 | 0.98 +0.07 | 1.07 £ 0.03
SPARROWS (7/6) 038 £0.12 | 046 +£0.16 | 0.50 +0.17 0.72 £0.16 | 0.79 £ 0.17 | 0.85 £ 0.16
ARMTD (7/6) 049 £0.16 | 0.72 £ 0.18 | 091 +0.15 0.81 £0.15 | 1.03 +0.03 | 1.06 £ 0.03

TABLE V: Mean per-step planning time across 100 task scenes in the Random Obstacle Scenarios with 2 or 3 Kinova arms for SPARROWS and ARMTD
under a 1.0s planning time limit . across 100 task scenes in the Random Obstacle Scenarios with 2 or 3 Kinova arms for SPARROWS and ARMTD under
a 0.5s planning time limit. Red indicates that the average planning time limit has been exceeded.

Scenarios, shows that SPARROWS can generate safe trajec-
tories for arbitrary tasks and DOFs. For the 7 DOF tasks,
the scene contains a single Kinova arm with arm, the scene
contains ng = 10, 20, or 40 axis-aligned boxes that are 20cm
on each side. For the 14 and 21 DOF tasks, the scene contains
2 or 3 Kinova arms treated as a single robot with arms,
the scene contains ng =5, 10, or 15 obstacles of the same
size. For each number of obstacles, we generate 100 task
scenes with obstacles placed randomly such that the start and
goal configurations are collision-free. Note that a solution to
the goal may not be guaranteed to exist. The second set of
tasks, Realistic Scenarios, contains 14 tasks with a Kinova
arm and the number of obstacles varying from 5 to 20. The
Realistic Scenarios show that SPARROWS can generate safe
trajectories in scenes containing geometric features similar
to those found in a household setting. We compare the
performance of SPARROWS to ARMTD, CHOMP, TrajOpt,
and MPOT on both sets of scenarios for the 7 DOF arm. We
further compare the performance of SPARROWS to ARMTD
on Random Obstacle Scenarios for the 14 and 21 DOF robots.

In the tests with a 7 DOF arm, SPARROWS and ARMTD
are given a planning time limit of 0.5s and a maximum of
150 planning iterations to reach the goal. For the tests with

14 and 21 DOF robots, SPARROWS and ARMTD are given
a planning time limit of 1.0s and a maximum of 150 planning
iterations. We imposed a planning time limit of 100s, 30s,
and 2s on CHOMP, TrajOpt, and cuRobo, respectively. These
planning time limits were chosen such that the max planning
time limit was greater than 5x the average planning time to
solve the sample set of random problems that were drawn from
our experimental setup. We include additional results for the
average planning times for the baseline methods in Table IX.

A failure occurs if SPARROWS or ARMTD fails to find a
plan for two consecutive planning iterations or if a collision
occurs. Note that meshes for the robot and obstacles are
used to perform ground truth collision checking within the
simulator. Finally, SPARROWS and ARMTD are given a
straight-line high-level planner for the Random Obstacle
Scenarios and Realistic Scenarios.

Table VI presents the results for the 7 DOF Random
Obstacle Scenarios where SPARROWS and ARMTD are
given a maximum planning time limit 0.5s. SPARROWS
(7/6) achieves the highest success rate across all obstacles
followed by SPARROWS (7/24). A representative example
is shown in Fig. 6. Notably, the performance of ARMTD
degrades drastically as the number of obstacles is increased.
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Fig. 5: A comparison of SPARROWS’ and ARMTD’s reachable sets. (Top
row) Both SPARROWS and ARMTD can generate trajectories that allow the
arm to fit through a narrow passage when the maximum acceleration is limited
to 2% rad/s?. (Bottom row) However, when the maximum acceleration is %
rad/s> ARMTD’s reachable set collides with the obstacles while SPARROWS’
remains collision-free.

This is consistent with ARMTD’s slower constraint evaluation
presented in Table II, ARMTD’s mean planning time exceed-
ing the limit, and ARMTD’s overly conservative reachable
sets shown in Fig 5. Although ARMTD remains collision-
free, these results suggest that the optimization problem is
more challenging for ARMTD to solve. In contrast CHOMP,
TrajOpt, and MPOT exhibit much lower success rates. Note
that TrajOpt and MPOT frequently crash whereas CHOMP
does not return feasible trajectories.

Table VII compares the success rate of SPARROWS to
ARMTD on Random Obstacle Scenarios for higher degrees
of freedom. Representative planning scenarios are shown in
Fig. 7 and Fig. 8. For 14 degrees of freedom and ng =
5 obstacles, ARMTD (7/24) has more successes, though
SPARROWS (7/24) and SPARROWS (7/6) remain compet-
itive. Note, in particular, that SPARROWS (7/6)’s success
rate is more than double that of ARMTD (x/6) for 10 and
15 obstacles. For 21 degrees of freedom, the performance gap
between SPARROWS and ARMTD is much larger as ARMTD
fails to solve any task in the presence of 10 and 15 obstacles.

Table VIII presents results for the Realistic Scenarios
(Fig. 4). CHOMP outperforms all baseline methods with 10
successes, followed by MPOT which obtains 6 successes and
5 collisions. CHOMP’s success rate of 71% on the Realistic
Scenarios is similar to its success rate on the Random
Obstacles Scenarios for n = 10 obstacles. This is likely
due to CHOMP’s ability to generate motion plans when the
obstacle density is low. Notably, CHOMP also outperforms
SPARROWS (7/6) which is the best-performing method on
the Random Obstacles Scenarios. By design, SPARROWS
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Methods # Successes

# Obstacles 10 [ 20 ][ 40

SPARROWS (7/24) 79 61 34

ARMTD (7/24) 79 50 2

SPARROWS (70/6) 87 62 40

ARMTD (70/6) 56 17 0

CHOMP [2] 76 40 15
TrajOpt [3] 33 (67) 9 (91) 6 (94)
MPOT [29] 58 (42) 23 (77) 9 (91)
cuRobo [30] 59 (41) 45 (55) 22 (78)

TABLE VI: Number of successes out of 100 task scenes in the Random
Obstacle Scenarios with a single Kinova arm for SPARROWS, ARMTD,
CHOMP, TrajOpt, MPOT, and cuRobo, where SPARROWS and ARMTD
have a 0.5s planning time limit 1. Red indicates the number of failures due
to collision.

Methods # Successes
# DOF 14 21
# Obstacles 5 H 10 H 15 5 H 10 H 15
SPARROWS (7r/24) 92 79 62 73 46 29
ARMTD (7/24) 96 75 34 73 0 0
SPARROWS (7/6) 94 83 68 67 36 13
ARMTD (7/6) 83 39 6 41 0 0

TABLE VII: Number of successes out of 100 task scenes in the Random
Obstacle Scenarios with 2 or 3 Kinova arms for SPARROWS and ARMTD
under a 1.0s planning time limit 1

and ARMTD are both receding-horizon trajectory planners
that may behave myopically when optimizing for a single path
to reach the next waypoint. Thus, both methods can get stuck
in local minima without a good high-level planner. This is
in contrast to the baseline methods which all optimize for
the entire plan. To test this, we evaluated the performance
of SPARROWS (7/6) and ARMTD (7/6) on the Realistic
Scenarios when given access to a high-level planner. Table
VII shows that SPARROWS (7/6) + HLP can successfully
solve all of the tasks when using a high-level planner, whereas
ARMTD (7/6)+HLP is only able to solve 8 of the tasks. Note
that no assumptions were made on the safety of waypoints
given by the high-level plan.

VI. CONCLUSION

We present SPARROWS, a method to perform safe, real-
time manipulator motion planning in cluttered environments.
We introduce the Spherical Forward Occupancy to overap-
proximate the reachable set of a serial manipulator robot in
a manner that is less conservative than previous approaches.
We also introduce an algorithm to compute the exact signed
distance between a point and a 3D zonotope. We use the
spherical forward occupancy in conjunction with the exact
signed distance algorithm to compute obstacle-avoidance con-
straints in a trajectory optimization problem. By leveraging
reachability analysis, we demonstrate that SPARROWS is
certifiably-safe, yet less conservative than previous methods.
Furthermore, we demonstrate SPARROWS outperforming var-
ious state-of-the-art methods on challenging motion planning
tasks. Despite SPARROWS’ performance, we believe there are
two promising areas of future research. Firstly, we believe the
performance of SPARROWS will be further improved by using



Methods # Successes

SPARROWS (7/6) + HLP 14
ARMTD (7/6) + HLP 8
SPARROWS (7/6) 5
ARMTD (7/6) 4
SPARROWS (7r/24) 3
ARMTD (7r/24) 3
CHOMP [2] 10

TrajOpt [3] 509)

MPOT [29] 6 (8)

cuRobo [30] 50)

TABLE VIII: Number of successes out of 14 task scenes in the Realistic
Scenarios with a single Kinova arm for SPARROWS, ARMTD, CHOMP,
TrajOpt, MPOT, and cuRobo, where SPARROWS and ARMTD have a 0.5s
planning time limit 7. HLP denotes methods that have access to an additional
high-level planner. Red indicates the number of failures due to collision.

it in tandem with other state-of-the-art trajectory optimization-
based planners [47]-[49] or sampling-based planners [50],
[51]. For example, we believe there may be instances where
methods such as Graphs on Convex Sets (GCS) [48] and
SPARROWS could work well together. GCS is a powerful
trajectory optimizer that returns near-optimal solutions. The
strict safety guarantees of SPARROWS could locally refine
solutions from GCS under conditions in which the scene has
undergone moderate changes, but trajectories are too expon-
sive to recompute. Furthemore, fast sampling-based methods
[23], [50], [51] that only enforce safety in discrete-time could
be used to generate high-level waypoints for SPARROWS.
Secondly, the major downside of our approach is that it
requires the enumeration of vertices of 3D zonotopes prior
to planning. However, we believe this provides a unique
opportunity to combine rigorous model-based methods with
deep learning-based methods for probabilistically-safe robot
motion planning. Therefore, future directions aim to incor-
porate neural implicit scene representations into SPARROWS
while accounting for uncertainty.
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Fig. 6: Grid of Baseline Comparison Timelapses. A subset of Random Obstacle Scenarios where SPARROWS succeeds and all other methods fail. The
start, goal, and intermediate poses are shown in blue, green, and grey (transparent), respectively. Obstacles are shown in red (transparent). The columns,
ordered from left to right, correspond to scenes with 10, 20, and 40 obstacles. (Row 1) SPARROWS. (Row 2) ARMTD. (Row 3) TrajOpt. (Row 4) MPOT.
(Row 5) cuRobo. Video demonstrations for each of these runs can be found in the accompanying supplementary material.
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Fig. 7: A 14 DOF demonstration from the Random Obstacle Scenarios where SPARROWS succeeds. The start, goal, and intermediate poses are shown
in blue, green, and grey (transparent), respectively. Obstacles are shown in red (transparent). A video demonstration can be found in the accompanying
supplementary material.

Fig. 8: A 21 DOF demonstration from the Random Obstacle Scenarios where SPARROWS succeeds. The start, goal, and intermediate poses are shown
in blue, green, and grey (transparent), respectively. Obstacles are shown in red (transparent). A video demonstration can be found in the accompanying
supplementary material.
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APPENDIX A
SPHERICAL FORWARD OCCUPANCY PROOF

This section provides the proofs for Lemma 9 and Theorem
10 which are visually illustrated in Fig. 9.

A. Proof of Lemma 9

Proof: Using Lem. 8 and Alg. 1 one can compute
pj(q(T;i;K)), which overapproximates the position of the j
joint in the workspace. We then split pj(q(T;;K)) (Fig. 6A)
into

Pj(q(Ti;K)) = P2 (c, g, &, x,hj,y)) (43)
:Tz(gi,ai’x70,0)@?2(070;071/’/’)}1') (44)
= Cj(Ti;K)EBllj(Ti), 45)

where C;(T;j;K) is a polynomial zonotope whose generators
that are only dependent on K and wu;(T;) is a zonotope that is
independent of K. This means slicing C;(T;; K) at a particular
trajectory parameter k € K yields a single point given by
Cj (Ti;k).

We next overapproximate pj(q(Tj; K)). We start by defining
the vector u;;; such that

Ujilr= SUp(Uj(Ti) Qél) Vi e {1,2,3}, (46)
where é; is a unit vector in the standard orthogonal basis.
Together, these vectors {u.,-7,<71},3:] create an axis-aligned cube
that bounds u;(T;) (Fig. 6B). Using the L2 norm of 213:1 uji

allows one to then bound p;(q(T;;K)) (Fig. 6C, left) as

pj(q(Ti;K)) C C(Ti: K) ®B(0,u;,), 47)

where

wji=|luji1+ujizr+ujizl. (48)

Finally, letting r; denote the sphere radius defined in Assum.
5 (Fig. 6C, right), we overapproximate the volume occupied
by the j® joint as

S;i(q(Ti;K)) = C;(Ti; K) ®B(0,u;,;) ©B(0,r;)

= Cj(Ti;K>@B(07rj7i)7 (49)

where r;; =rj+uj;.
Then for all i € N; and j € N, we define the Spherical Joint
Occupancy (8J0) as the collection of sets S;(q(Tj;K)):

830 = {S;(q(Ti;K)) : Vie N, j € N, }. (50)

Note that for any k € K we can slice each element of 8JO
to get a sphere centered at Cj(Tj;k) with radius r;; and the
sliced Spherical Joint Occupancy (Fig. 6D):

S;(q(Ty;k)) = B(Cj(Tisk),7j)- (51)
SJO(k) = {S;(q(Ti:k)) : Vi€ Ni jEN, Y. (52)
n

B. Proof of Theorem 10

Proof: Let Cj(Tj;k) and r;; be the center and radius of
S;(q(Tj;k)), respectively. We begin by dividing the line seg-
ments connecting the centers and tangent points of S;(q(Tj;k))
and Sj11(q(Tj;k)) into 2(n, —2) equal line segments of length

_ 1€ (Tisk) - €(Tish)
Sj,i(k) - G Z(f’lq _2)-]

(53)

and

s (k) = <ch+l(’I;z:3:2C)j(Ti§k)H (’Q’L::;J)z)) :

Jid
>
Tjli—Tjiy2
— - (k 2 Jt1, Js
(O =
respectively. By observing that the tangent line is perpen-
dicular to both spheres and then applying the Pythagorean
Theorem to the right triangle with leg (Fig. 6E, green) and
hypotenuse (Fig. 6E, light blue) lengths given by (rj1,;—7;,;)
and 2-(ns —2)-s;(k), respectively, one can obtain (54).
We then choose n; sphere centers (Fig. 6F) such that

(54)

Ej’,"] (k) = Cj(Ti;k), (55)
Cjins (k) = Cjy1(Tisk), (56)
and
_ 2m—1
Cjimt1(k) = Cj(Ti; k) + 2n—2) (Cj41(Ti:k) — Cj(Ty3k))
(57)
where 1 <m <n;—2.
Next, let
’_'j,i,] (k) =Trji (58)
and
Fjing (k) =Tjtl,i- 59)

Before constructing the remaining radii, we first compute
£} im+1(k), which is the length of the line segment (Fig. 6F,
black) that extends perpendicularly from the tapered capsule
surface through center ¢; ;i1 (k):

Ciimp1(k) =7 % (rjsri—rji), (60)
where 1 < m < ng—2. We construct the remaining radii
such that adjacent spheres intersect at a point on the tapered
capsule’s tapered surface. This ensures each sphere extends
past the surface of the tapered capsule to provide an over-
approximation. Then, 7;;+1(k) is obtained by applying the
Pythagorean Theorem to the triangle with legs ¢;; ,,11(k) (Fig.
6G, black) and s’ ;(k) (Fig. 6G, red), respectively:
1

Fiimi1(k) = (Eii,mirl + Slj,i(k)z) ’

1

= (&, 02— (T2
= (Bumor s~ (52220) o



U2

Sji_-»
Cj,i,2
Cj.i,1

Cji,2

Fig. 9: Illustration of the Spherical Joint Occupancy and Spherical Forward Occupancy construction proofs in 2D.

Thus, for a given k € K, we define 8FO(q(Tj;k)) (Fig. 6H,
purple) to be the set

8F0;(q(Ti;k)) = {Sjim(a(Tisk)) : 1 <m<ns}, (62)

where

Siim(@(Tisk)) =B (Ejim(k),Fjim(k)).
By construction, the tapered capsule TC;(q(Tj;k)) is a subset
of 830 ,(q(Tj;k)) for each j € Ny, k €K, and ¢ € T;. Further
note that the construction of 8F0;(q(Tj;k)) is presented for
the 2D case. However, this construction remains valid in 3D
if one restricts the analysis to any two dimensional plane that
intersects the center of each Cj(Tj;k) and Cj1(Ti:k) . [ |

(63)

C. Proof of Lemma 11

There are three cases to consider. In the first case, ¢ is
inside the zonotope O (Fig. 10, left). Let (A,b) be the polytope
representation of O such that A € R™" and b € R". Then
each row of Ac —b corresponds to the signed distance to each
hyperplane comprising the faces of O. Because ¢ € O, each
row of Ac —b is less than or equal to zero. Therefore, the

signed distance to O is given by
s4(c;0) = max(Ac —b). (64)

In the second case, ¢ is not inside O but there exists iy €
[1,m] such that

Pface = ¢(C;:HiA)
=c—(Ac—b);,-A] €0,

(65)
(66)

where ppyce is the projection of ¢ onto the iy™ hyperplane J; A

of O. Then the signed distance to O is given by
54(c;0) = (Ac—D);, . (67)

In the final case, c is not inside O, but the smallest positive
signed distance to each hyperplane of O (Fig. 10, right) lies

17

on an edge of O. Then the signed distance to O is given by

sd(c;O)EmienEd(c;EiE). (68)

E
APPENDIX B
BASELINES

In this section we discuss how we tuned the parameters for
the baseline methods.

1) CHOMP: For CHOMP, we varied several parameters
including the collision clearance, the collision threshold, the
trajectory initialization, and the “enable_failure_recovery” op-
tion which allows chomp to select its own parameter during
runtime. We varied each of these parameters over at least two
orders of magnitude and ran experiments on all combinations
to choose the set of parameters that yields the best result.
The best parameter set was 0.2 collision clearance and 0.007
collision threshold, with a quintic spline as the trajectory
initialization method and the “enable_failure_recovery” option
enabled.

2) TrajOpt: For TrajOpt, we varied several parameters
including the number of waypoints for the generated trajec-
tory (n_steps), maximum allowed planning time (max_time),
and minimum distance allowed for collision checker (mar-
gin_buffer). We varied each of these parameters over at
least two orders of magnitude and ran experiments on all
combinations to choose the set of parameters that yields the
best result. The best parameter set was 30 waypoints, 100s
planning time, and 0.05m safety bound.

3) cuRobo: For cuRobo, we set the maximum time to solve
to be 2 seconds, which was 4 times longer than SPARROWS
received on the same set of experiments. After some experi-
mentation, we set the maximum number of attempts is set to
be 10 because it seemed to give the highest chance of success
in the allotted planning time. We also turn on a geometric-
based graph planner [30, Section V] that serves as an initial
guess before going into the trajectory optimization stage [30,



Fig. 10: Illustration of signed distance between a point and a zonotope in 3D. The first panel shows a point inside the zonotope. The second panel shows
a point outside the zonotope, but whose projection lies on a single face of the zonotope. The third panel shows a point outside the zonotope, but whose

projection lies on an edge of the zonotope.

Section IV]. We turned on the graph planner option because
this allows cuRobo to explore a wider range of configurations
and thus increases the success rate. The maximum solve
time does not seem to be the main issue that limits the
performance of cuRobo. For scenarios that cuRobo reaches
the goal successfully, the solve time is usually less than 200
ms, which is less than the given maximum time. But note that
for both random scenarios and realistic scenarios, we did not
assign SPARROWS a similar global planner, but just a simple
straight-line planner instead. Nevertheless, SPARROWS is still
able to achieve a higher success rate.

4) MPOT: For MPOT, we set the number of particles
(candiate plans) per goal to 10 as limited by GPU memory.
The maximum number of inner iterations and outer iterations
were both set to 1000 which are 10 times the default value.

APPENDIX C
ADDITIONAL RESULTS

Methods mean constraint evaluation time [ms]

# Obstacles (s) 10 | 20 | 40
SPARROWS (7/24) 31+01 | 3.8+0.1 51+0.1
ARMTD (7/24) 41+£03 5405 8.1 £0.6
SPARROWS (7/6) 31+01 | 3.8+0.1 51+0.1
ARMTD (7/6) 41+£03 | 54+£04 7.6 £0.3

TABLE X: Mean runtime for constraint and constraint gradient evaluation
across 100 task scenes in the Random Obstacle Scenarios with a single
Kinova arm for SPARROWS and ARMTD under a 0.25s planning time limit

0

Methods mean constraint evaluation time [ms]

# Obstacles (s) 10 | 20 | 40
SPARROWS (7/24) 31+01 | 3.8+0.1 51+ 0.1
ARMTD (7/24) 41+03 | 53+£0.1 7.8 +0.4
SPARROWS (7/6) 31+£01 | 3.8+0.1 5.1+ 0.1
ARMTD (7/6) 40+02 | 52+£02 8.8 £0.7

TABLE XI: Mean runtime for constraint and constraint gradient evaluation
across 100 task scenes in the Random Obstacle Scenarios with a single
Kinova arm for SPARROWS and ARMTD under a 0.15s planning time limit
J.
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Methods mean planning time [s]
# Obstacles (s) 10 20 40
SPARROWS (7/24) 0.12 + 0.04 | 0.14 + 0.05 | 0.17 + 0.05
ARMTD (7r/24) 0.16 £ 0.04 | 0.24 £0.03 | 0.27 +0.02
SPARROWS (7/6) 0.14 £ 0.04 | 0.16 £0.04 | 0.20 + 0.04
ARMTD (70/6) 020 +0.04 | 0.26 +0.02 | 0.27 +0.02

TABLE XII: Mean per-step planning time across 100 task scenes in the
Random Obstacle Scenarios with a single Kinova arm for SPARROWS and
ARMTD under a 0.25s planning time limit |. Red indicates that the average
planning time limit has been exceeded.

Methods mean planning time [s]
# Obstacles (s) 10 20 40
SPARROWS (7/24) 0.11 £ 0.02 | 0.13 + 0.02 | 0.14 + 0.02
ARMTD (7r/24) 0.14 +0.02 | 0.16 +0.03 | 0.17 £ 0.03
SPARROWS (7/6) 0.13+0.02 | 0.14+£0.02 | 0.15+0.02
ARMTD (7/6) 0.16 £0.02 | 0.16 +0.03 | 0.18 £ 0.03

TABLE XIII: Mean per-step planning time across 100 task scenes in the
Random Obstacle Scenarios with a single Kinova arm for SPARROWS and
ARMTD under a 0.15s planning time limit |. Red indicates that the average
planning time limit has been exceeded.

Methods # Successes
# DOF 14 21
# Obstacles 5 1015 51071 15
SPARROWS (7/24) 74 47 27 0 0 0
ARMTD (7/24) 70 3 0 0 0 0
SPARROWS (7/6) 55 42 12 0 0 0
ARMTD (7/6) 35 0 0 0 0 0

TABLE XIV: Number of successes out of 100 task scenes in the Randon
Obstacle Scenarios with 2 or 3 Kinova arms for SPARROWS and ARMTD
under a 0.5s planning time limit 1.



Methods mean constraint evaluation time [ms]
# DOF 14 21
# Obstacles 5 [ 10 [ 15 5 [ 10 [ 15
SPARROWS (7/24) 3902 | 47 +£0.1 54 +0.2 49 +0.2 6.0 = 0.1 7.2 +0.1
ARMTD (7r/24) 84+06 | 93+£06 | 106 £04 126 £0.6 | 143+£05 | 17.1 1.3
SPARROWS (70/6) 39+0.1 | 46 0.1 54 + 0.1 4.8 + 0.1 6.0 = 0.2 72 +0.2
ARMTD (70/6) 83+06 | 90+02 | 106 £0.1 13.0+£0.7 | 146 +0.8 | 164 +09

TABLE XV: Mean runtime for constraint and constraint gradient evaluation across 100 task scenes in the Random Obstacle Scenarios with 2 or 3 Kinova
arms for SPARROWS and ARMTD under a 0.5s planning time limit ..

Methods mean planning time [s]
# DOF 14 21
# Obstacles 5 [ 10 [ 15 5 [ 10 [ 15
SPARROWS (7/24) 0.32 +0.06 | 0.35+0.07 | 0.37 +0.08 || 0.5 +0.02 | 0.51 +0.01 | 0.52+0.02
ARMTD (7/24) 0.37 £0.06 | 049 +0.04 | 0.52 +0.02 0.54 £0.02 | 0.55+0.03 | 0.55+0.03
SPARROWS (7/6) 0.37 £0.08 | 0.40 +0.08 | 0.44 +0.07 0.53 £0.02 | 0.52+0.01 | 0.53 +0.01
ARMTD (7/6) 0.42 +0.07 | 0.52+0.02 | 0.54 +£0.14 0.53 £0.02 | 0.56 £0.02 | 0.54 +0.02

TABLE XVI: Mean per-step planning time across 100 task scenes in the Random Obstacle Scenarios with 2 or 3 Kinova arms for SPARROWS and ARMTD
under a 0.5s planning time limit |. Red indicates that the average planning time limit has been exceeded.
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