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HREIAZ AR E L.
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FNEFARERNVES, THNEHRITICASIEE M. WRIRNE
HELEE TR T, W] AEZKE|E 5.
1.1 EX

EE—1EH z e CHAILAERTN 2z = a +bi FIEX, Hora, b e RTTH
i? = —1. TATK a FRZNIXNEEHITKRER (Real Pare), b FRZNIXNEEE
EEER (Imaginary Part).

BN z = a + bi HSEEUEAN T {1,i} X P& (Basis) WEAMHE (Linear
Combination), TR AIERF R —NELK:

||
zZ = b .
XA EEAM N ILR, AT AR E i B — P rORFR— R
SV BIBAAAR Re fRERERILER, AR Im FRERERIEEEL:

Im

bil-- =

1.2 EXS5M%R
1.2.1 EEHINEE

MRBMTEWNNEE 21 = a + bi, zo = c + di, ENIFIELZ 75 BAHEMRLES
ER

z1+zp=(a+c)+ (b+d)i.



IR, QERZXSEAIHE, BERER o SRR AT
z1—2zp=(a—-c)+ (b-d)i.

BREBHIMBEE A RS HERMER, ERIMBEZHFARTMMER, &K
MFTRERIER 2 E HAHIRIE.

122 E¥FEE

MRAEPNEE 21 = a +bi, 2o = c +di, BATATAEHA BRI EEA]
INEETiA
z1zp = (a + bi)(c + di)

= ac + adi + bci + bdi?.
RIh %2 = -1, XA]CUH—SLE N

z122 = ac — bd + adi + bci
=ac—bd+
(bc + ad)i.

GUERAF AR IR AE L IR, BEAESRAYEE R E SR — MR S A B AR
SRR, W2

z1z2 = ac — bd+
(bc +ad)i
-[3 1]
b a4 dl:
i l;] BRI R TR 20, TN [:
a
-b
a

RVBHZFNH (BAEHSGRXMEERRIZIZA RIXE, HRIRA
THRE TR S E RIS R Z RIFSRMAT P T).

rw%m%ﬁﬁ

%T.ﬁmﬂuﬁﬂ,Eﬁﬁ%ﬁfﬁ%,ﬁiﬁ%tﬁ ]ﬁﬁﬁ%%ﬁ
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Ao, RIS, S5 E MR A IR RS, iR
?ﬂzﬂ]ﬁﬁﬁ/l\?j& Z1=4a-+ bi, Zy = C + di, ﬁlg/la% Z12Z7 ﬁﬁﬁi‘%ﬁ’ﬂ@?ﬁw\'ﬂﬂu

RN

Zz_a—b c —d
12_ba d ¢

ac—bd —(bc+ad)
bc+ad ac—-bd |

FE, SHHEFRERERIEN, WRIRECEK—T, ML 212,
5 zpz1 BEHTY:
_|c —d||a -b
228 = d ¢ b a
ac—bd —(bc+ad)
bc+ad ac-bd

= Z1Z7p.

PRICZ AN, BATIRE — T — LRk B AR A

10
1:l0 1]21 @a=1,b=0)
.10 -1 B B
1-[1 0]. a=0,b=1)

AT S, SRR 1 5 2 GRS, B GE § SHT [(1’ _01 ] ,

UARBAMIZ X ERAT 77, AIPUREE:

o o -1]fo -1] _[-1 o]_
Z_Zl_ll 0“1 ol_lo —1]‘ I=-1
AMEZEHEMEEART, 25 -1 HIWESENW, XH—FERTEHEX
—RE R Y B,



1.2.3 EHIEKEHIE
EHAT R =P HIEZ AT, FRAEE X —TERIEEK (Magnitude) . 40
Rz=a+bi, BLENEEKN
llz|| = Va2 + b2.

Bk, HATE LEHWIHIT (Conjugate). R z = a + bi, HLEHH
BN
zZ =a - bi.
BATH LR 2 BET SRR EIE R 7. WRZEHE 22, (]
XRM
zz = (a + bi)(a — bi)
= a® — abi + abi + b?
=a?+b% = 2|

FEDL, — AN BRI K ST DA TR AR 77 SO T
Izl = Vzz.

1.3 S#HMEFES 2D ks

-b

BHE, BAEEIZ ArRES, BERS S HHAERIEE [Z ] S EC S
a

HEAEHR, AR HAERE T2 0E?
KR L, WERBATDS X DM T —RTE, X AR A 5 R 7

[a _bl = Va2 + b2
b a

a -b
‘/a2b+b2 ‘/a2a+b2].
VhE Venn

AT FE PP — P IeREBBR DA TR ||z|| = Va2 + b2, FIFRIX—TRIEZ]
THEMANE. SdiX—2e e, FAMTAFTEME— NE P HEERE S M E Z By
AR T



ATDVEE, ||zl IEREE z 5AMRBIFTE HI = MIERIRHA K, 1a, b o
A=A EMG. WRRRILS LB Re IETTHRIFAIEN 6 7Y
UG, A EREHE AT D 5= = cos(6), H. x/azb+_bz = sin(9), XM

FE 0 HIHUZ atan2(b, a). HIE TIXEE, FREMERLAT AR N

la —bl _m[cos(e) —sin(0)
b a | sin(8)  cos(6)
L2l lcos(@) —sin(@)l
- sin(6)  cos(6)

OMERTTIEHERE A = 1A)

Azl T cos(0) —sin(H)l

sin(f) cos(0)

_l||z|| 0 llcos(@) —sin(6)
1 0zl || sin(®) cos(®) |

BARIRAREFEAL I N T E R E &, HAPA2IaR) ”Z” ”0”]
V4

‘ N2 FRATZAR 2D BeF FERE.

cos(f) —sin(6)
sin(f) cos(0)

RIMEIRASA TR S IR D e AR PRt e G o< iR, BATTAT PAE B IX AR XY

SEARBOERE, T




k||| o, e ||

a =b||1| [zl O cos(f) —sin(@) | | 1
ERS R ke | vt 1

[IIZII 0 HCOS(B)l
0 izl | | sin(®) |

% mé%@[]*@ﬂ?[@ﬁga%ﬁ;mﬁ%ﬁwﬁW%Tegx%
Sin
Tk
[nzn 0 l [cos(e) _ [uz||cos(e)l
0 1izll] [sin®) ] ~ [ l2ll sin(0)
amﬁwﬂgcé@]%annh 5 PM“@W).EM%m,ﬁ%ﬁ
sin(0) || z|| sin(6)

E]ﬁﬁﬁﬁ%?eg,#%men%.
N K
B o2 ]

[ a —bHo]_luzn 0 l'cos(e) —sin(@)llOl
b a 1] | 0 |zl |]|sin@@) cos(6) 1

lmn ol>ammm

0 lz|l || cos(B)
ﬁi,%—ﬁﬁg?ﬁﬁﬂT{*ig BRI, SRR T 0
COS

=, WTHE:



e AL EVE ) = R K [_Sin(e)] BN I_”Z” sin(0)
cos(0) || z|| cos(0)

MNEPRRWINEIEEE T 6 M1, HART ||z|| 15

DA, SRS SR Ieds SN BRI E & R A —MEf 2 = a+Di,
o z SEE—DEE c HFE K o W EH iR 6 = atan2(b, a) &, FHK
HAIR ||zl = Va2 + b2 5.

MRzl =1, HERRY a® + b2 =1, BNXDNEEETDAH— Db m &R
TR, AR EEAAEER VTR Sise 2 LA TER: 7. ATe NRAYER )
A SRR e RE R :

] . RHEFTRRE

B lcos(@) —sin(H)l
2= sin(f) cos(0)

GRERFRATARLE 2D R HERE — AR v iEde 0 &, AR2FATT AT BAE A
IXANFEREXS v T A

Theorem 1: 2D JEE /AN (FEFERY)

, lCOS(Q) —sin(B)l
V= sin(f) cos(0) v

cos(f) —sin(0)

sin(6) cos(0)

] XA e A AN RS B BOE R TE 2

cos(0) + isin(6).



X

Yy
WHNy. Ao, BATATLMIE—DEE z = cos(0) + isin(h), HRKES v H
FORIEATIER:. ek 6 JEZJaRIIAE o’ A] USRI B EERIER TR :

W%ﬁm%ﬁ%vz[lﬁﬁ%ﬂﬁgﬁv=x+w,ﬁ¢i%%x,@

Theorem 2: 2D Jigke/ AT (BHFHY)

v =zv

= (cos(0) + i sin(0))v

1.3.1 EHHIRELIRE
cos(0) + i sin(@) JEA] LAHIT R —H 2. RIERKH /AT (Euler's Formula),
cos(6) + i sin() = e'®.

BRI ATHIERE M D TR P MR 2 A 3], XEMAEIER Y. &
TR—1ER, BINEREEETRN,

cos(6) —sin(e)l
sin(f) cos(0)

z=WH
= ||z[l(cos(6) + i sin(6))
= ||zlle®.

MRIRATE S 7 = ||zl|, FRATRRAER T 2RI ABFRIER -

zZ=re" .

BE B RIE XS S S R N0 & a, b JER T, B 1A PARE —
NIRRT r FORERS A 6 BB EORE UERE— 1R, T H eI 546K

%ﬁﬁ%%ﬁﬁ.m%ﬁmﬁﬁQD§ﬁ¢ﬁ§v=r:Hﬁ%%ﬁ%%,
Yy

BATTAT R BIHR XA AR B R — DR v = x +yi. B2, &ILhEk o




B, G r 52 Ja R R o e DUXAETER

v’ = re'%v.

GUERATHTR Zheks 0 EHYIE, AIDARHHINA T r = 1, JRA A G HISE R

=
7= -

Theorem 3: 2D gk~ (FeEED)

IX= R 2D fiehe A NHSEARZ FOHY, ARIEAF R RIATAT CAGE A ek
HIARIIER. ERNZETHENUTEHIR R, TITESESERRE LR A5
1.4 heRMES

AR FATA R 2D Te i AL B 8 z1 = cos(0) + isin(0), zp =
cos(¢) + isin(¢p) AN —IA&ER v = x + yi, FATATPASEX o AT 2z, AYER:

v =210,
TERCEA B, FRATIA o AT 2o BUBER:

v” = z5(z10)

= (z221)v.

QUERBATREIX PR e e th I S AR LN Zner, AR

v’ = (Zzzl)v = Zpet?

Znet = 2271
Az ed, RS BEIHEETRE e, AL

Znet = 2221 = Z1722.
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MRZANE T 20, BMNSEH

Znee = (c0s(0) + i sin(6))(cos(¢p) + i sin(¢))
= cos(6) cos(¢) + i(cos(6) sin(¢p)) + i(sin() cos(¢p)) — sin(0) sin(¢)
= (cos(0) cos(¢) — sin(B) sin(¢p)) + (cos(6) sin(¢p) + sin(B) cos(¢P))i,

XA FFIH = A 1E AT AU E Dy
Zner = (c0s(8) + 7 sin(6))(cos(¢p) + i sin(¢p))
= cos(f + ¢) + isin(0 + ).

FTEL, SIS 2D G T2 a0, FrfS RIS 2, 2 — 1 heks,
M HSHEMARFIER. RXNFREEHA G AR 21 5 2o Tefe A,

2 ZH4E=S[E|PRYhed:

FEFIEPUTTEC AT, AR — T =42 R Y hefs.

TR e e NTTIEAIRZA, HERANNZERERZHAT (Axis-
angle) AUfie%%. BIAEE RN ARTeEERE H, (ER2TATTHITE WA FI R R
TIEAMN 2 FE Gimbal Lock (W\Bonus B7) M BRI T =R FREIAYIEE,
(E DY T RIE ROy T AROUX AN Rl Pl X A I e Bl A SUhe s 2 ek
SN M 1 O

BIBATE — MR AR (AR b ALl [ R 3T AT DA e b
FREIE A, AT, FBPREEL) e u = (v, y,2)T, BOWEHK
— AR v, WEIX MR 0 &, L v

<]

-
-
, 4
v —



https://krasjet.github.io/quaternion/bonus_gimbal_lock.pdf

PERE, TEXRISRA I E AT ARRRS, I IR R T
S HEREIIE IR AT LKA AR R o (IE 1A, SR
PN IR 7B R HERE I IE 717, 6 E e RN . M T
F AR RO IETE 9 %,

TERFINF T AT, — MR R R BIPIAER ekl u Y
x,y, 2 AR, DR —AMTEREAR 0, AR RAT—HATIIA I I (Degree of
Freedom). JARMALIE % FHCHLAA U= B L. 5265 b, (T =derihiie
SRR RERTT RN T, W AXERA 22—

B, LERATE SRR u 0 x, y, 2 AFREGRIN, RO T u M
K (KR, AT, BRI, RBATHSE— AR u ek, ROTH:
FSMIRLE u TSI R TR, 12— FIRIE X MRERANEE
KNI, BRIEXEEAN (KE) FERER. Rll17 s
ur = (0,0, )T NHHEFTHERE, AT DABISHE wy = (0,0,3)7 Hekk. MIAIX
FAFIRSE AR, [EREIHEANEER 7 (8 2 Si77)

z
uz

up

=B RAPE L —NBRAFEREMNEMT LT (GEEM LR
iz RIEITA) . B AR BRI AE, BAMUUEFHEE L
JEFAN B R AT DUE SCHIBR EAETE — IR M RBATER R — 1T
A ERIRFE — R, WIETR ZAINEHOX D B B

N THBRBERE B u BREKIXAD 2 RITB B, AR DIRUE hesehh u AU
Al = VaZ+y2+22 =1, MR u B2 —NRAAE. Xk, 2H
HERE AR LR ERAL A ERE— AR TIXNTTA. BTSSR PO AR
MUENERRIE R, ERIE ||lul = 1 SENTRITZ JERIHE S RIR Z HIGER],
XA EEE NP B O T 1) E SCHOE .
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FESEBRAIE R SEEEAR, Rt ] PALE AP A\ — D TF B R Y e e
u, ERERTEMEH R Z AR EICR SO’ By — AL

a__l.l
[[ull

2.1 hescRIDfE

B TRERNAER, BATIAER AT DUTG B B AR TIX N EE: 7. Bk,
BATATLUR: v 70 AT Thede sl u ANIER (EH) T ulWDNDRE, v
ﬂl Vi, EI]

V=Y +v,.

BATRT AT A FIX P o e, AR E AT THER: R4S FRAR DR 1S ek I A

=
=
v = v|’| +v.
NHUE R REE
u
<

A AE#, v HIEHE v £ u ERERERE (Orthogonal Projection), FRAE
IERRHH AT, AT AR :

V)| = proj,(v)

u-v
=—u

u-u

u-v
= WU (||u||2=u-u)
= (u-v)u (lull =1)

13



ig V=YV +v,, ﬁﬂ]mu%%%”
V) =V—V||

=v-—(u-v)u
BABMNCEHIEE L v, 17 FRBANTHTFE 2 HITHEX vy Ml v, 1Y
BRI AT .
22 v BYhEsE

B, RITRE— FTATT wll vy, IXEMIELICE R, 2 FiE
FARATAE S, v HOURARI A I, RS HEsEH u EE, L

Theorem 4: 3D ig# /A (MER, SFEATIEN)
‘ﬁwﬁﬁT%%%uN,ﬁ%HQEZE%%EZ

V|,| = V||

2.3 vV, E"Jﬁﬁig

R, BANTFELEHIERZT u v, . ROV AERIERN, XA
Fen] DIEMOR T ENE — ke, ROVhes AL v BIRKE, AT 22

—E. FHEZX M EERREE, AME IR :
W Vl
l‘ .

<>

UTE, 3D WIBERRMERATHA N T 2D F i ERiEss. B TExX A FH b
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BTAA AR v, HERFR—MefR AMER), BATEFRERE
[FINFIEZZ T w F vy BUTAIER w, XAA] U RS

W=uxv,.
TREXFENE, EARNMNEANZEEFLIRARS, LA TFENIRA] L

RIGXAHHIEE w510 v R n/2 IGRY77H, FHFEHM v, —FEb
MEFIERZT w BFEIAN. BN (|ul] =1, FATATUZE

Wil = [luxv.]l
= llull - [ vl - sin(r/2) (/22 w5 v, BRFM)
= lvll.
R, wil v, FBEMFRIR, A, w AR E. A 7IXAHHY

FE w, SUHSTERANEFEAG 7RDeAREL. JRATBHER DEE v, $5
FlwHivy, b, KESWEN v, v, EH—R=AENRNRATRAH RS 2]

vV =V, +V),
= cos(f)v, + sin(6)w
= cos(f)v, +sin(f)(u X v, ).

IXRETERL T hERe s =2, BATTRT PATG 2IXAE — e B

Theorem 5: 3D Jg#e /A0 (AIEA, [EX1EN)

Y vy BT heshh u N, Bkt 0 A 2GR v/, h:

v/, = cos(0)v, +sin(@)(u xv,)

24 v BYhES%
R EmEHIR AN EERA SR AT LIRS
v = v|’| +v)

= v +cos(f)vy +sin(f)(u x v_).
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KN RORTE ST o BCE,

uxvy, =ux(v-yvy)
=uXv—-uXxy)

=uXxv. (u?ﬁ?v”, ﬁﬁquVHZO)

BJE, ¥v) = vuGv.=v-(u vufi

v = (u-v)u+cos(0)(v— (u-v)u) +sin(0)(u X v)

= cos(0)v + (1 — cos(0))(u - v)u + sin(f)(u X v).

XFEBATRRE] T — M 2 RThess A

Theorem 6: 3D g~z (MERY, —MIEN, I TRodrigues

Rotation Formula |)

3D ZRFPERE— v IFE BALA R u JEFs 0 AR EHI v/ O:

v’ = cos(0)v + (1 — cos(0))(u - v)u + sin(f)(u X v)

BRRGERBEKRE R, HEANRRHEES 2P0 c 5 _EmmiXE X
Z IRIHITHCER.

3 Mk

LT, BATATDIFEIICPY e S et 2 [ARCR T . T E S
BAERELL, ME—XAELR e — A = EE, mERAE 1. i
BHIPYTTE g € B (H ARERVYITE Z B #E William Rowan Hamilton) #SA] DA
5 RN EIX AR

g=a+bi+cj+dk, (ab,c,deR)

=



XN E LR ER A AR FLOUE 1 P TT R — DI
SEBCEE, FOAVTEHSEN T2 {1, 4, ], k} FIEMA S, ook
Al U A E R E

QU O S X

PRIbZAt, BATEH RO SEiS R 07T, HH— D =4ERImEk
FoRRER, FEFRTNIREFREIAFER

X

q=I[s,v]l. (v= [y],s,x,y,z €R)

z

31 EXS5MR
3.1.1 Bk (e

IR HE S, BATAT DA IR —NPUITE g = a + bi + cj + dk BIRRK
(BFUTEEL (Norm)) & XN

gl = Va2 + b2 + 2 + d2.
R AbRE A EA PN AR TRRIIE, g =[s, v] BB
lgll = Vs +Ivl|?
=Vs2+v-v (v-v=|v]?

B, VYT EIBRARME R UMTRY 75 ok TR, ROV EARRTZ — 1
HRKE. B2, ek —, XREREEEKITIAE
MHIEER, RARR R BN — e T LT

17



3.1.2 ErcEnEFEE

H5EEEL, MuEeImERF 2R &AM AT, WERBATHE A
V97T g1 = a+bi+cj+dk, go=e+ fi+gj+ hk, BBAENIFIS

qg1+g2=a+bi+cj+dk+e+ fi+gj+hk
=(@a+e)+(b+fli+(c+g)j+d+hk
BIE R, RERINSSONESMaI AT
qgi—q2=(@a—-e)+(b—-f)i+(c—-g)j+(d-h)k.

01 P TEHOR AR R FHRA R S, B gy = [s,v], g2 = [, ul,
A

qgitqr=[stt,v+u].

3.1.3 MREFZ*

MRBANE—DNUTTE g = a + bi + cj + dk FI—Dhrg s, MAENHITE
B
sq =s(a+bi+cj+dk)

=sa +sbi+scj +sdk.

PUTER SRR TS T SR, AR sq = gs.

3.1.4 PUTTEGRE

VOTC ARSI EEBERT IR, e TR ANE ST AZHEERY, BAalid b —RR IR O
T q192 # qoq1. XA TEFMARN XA SR q1q92, AB2TA TR
Fgo 7E3RLA g1, QHERIZ qoq1, ARBATEEUL Tgo LA g0, BR 7 2ZHRELZAH,
PANNAH G AIEE &R B ERAE YT BN LAY,

M2, MREWNYTE g1 =a+bi+cj+dk M go=e+ fi+gj+hk, A

18



A NSEAYE

g1q2 = (a +bi+cj+dk)(e+ fi+ gj + hk)
=ae+afi+agj+ahk+
bei +bfi* + bgij + bhik+
cej+cfji+cgj® +chjk+
dek + dfki + dgkj + dhk?

XAERIE R ARG REIRIEF R, EREATAIDURIE 2 = j2 = k% = ijk =
—1 IXANE SCRAE . BRI AREATA] PIRIE

ijk = -1
iijk = —i (FAPIL RN 3R LA 1)
—jk =i (ii =i>=-1)
jk =i
[ B,
ijk = -1
ijkk = -k CEAWIAFRINAFDA k)
—ij = -k
ij = k.

M ij = kXA, FATAT DAYRSLHHE S

ij=k
ijj = kj (XML RIN AL )
—i=kj
kj=-i

WX BT TRRC 2T LR AR RS T, BN jk # kj. RIS 558
HETHES, FRATAT DA IR — A 32

19



i i -1 k -]
] ] -k | -1 i
k k j —i -1

Rig LB — ML R AT TH — NIT R RHN TIXM I RTS
WAL, BN ji = —k. FIBEARICHIS TR TR A B ANRRAL.
MIFHIZANEEAE, BATRRER—E— DL VYT BER AR 45

gi1g2 =ae+afi+agj+ahk+
bei —bf +bgk —bhj+
cej—cfk—cg+chi+

dek +dfj—dgi—dh
=(ae—-bf —cg—dh)+
(be+af —dg+ch)i+
(ce+df +ag—bh)j+
(de—cf +bg+al)k.

3.1.5 fBEREAZIK

AIDVEE], POTBRIHR St Z — MRS, FAFEFERT DU EE K
FEFERITE

a -b —c —d|]|e
b a —-d c||f

R P R Q
d —c b a

ER, XA R RE N T AR g1 RIOAVTEAT &2, B
PIET g1 FZHZ — D ARRRERE, & n] DUEH 72 2R R 75 A S s,

20



XHERERAHAER. NEXD M AR E T T AR g1

a -b —c —-df||e
b a d -—c||f
(o PR g
d ¢ -b a h

3.1.6 Graflmann 3

[FIEIZ BTAVEEER, TREHEHE 7 — MRRAPRS I, WR—F, BERE
ARER IR 2 A

q1q2 = (ae — (bf +cg +dh))+
(be+af +ch—-dg)i+
(ce +ag+df —bh)j+
(de +ah+bg—cf)k.

= (ch — dg)i — (bh — df)j + (bg — cf)k.

TR vxu ERE—DAR, XEL j. kK Z2AERE, 5FR0XMEgs
REIZMAFHERE T, WRERREAREAEFNERER, g1z HIEERA]
DA 1) 2 RN SRR A\ FR iR (HLSEA2 877 S BN SR 35 Ol T2 1R IX
HE )

gi1q2 = [ae —v-u, au+ev+vXul.

XA EE BRI Gramann R (GraBmann Product), —f#&RiM:

21



Theorem 7: Grafmann 4

MERIYITE g1 = [5,v], g2 = [t,u], q192 FIEERZ

gi1q2 = [st —=v-u, su+tv+vXxu]

GRERPRIBICIG < BT 3D BEFE AXINAIEEIR, IRAIZHRETE RS _EiiX
NE B R TR HEde BR AR TR A 3.

3.1.7 4EMsTEk

FEBATEABEA PR EITTIE Z A, B ETR ZE 2 K T PUeii e .
QUER— YT ERE S BOX R A

v =10,v]

ARFATTFR v 9—DEEPATTEL (Pure Quaternion), RIMUAREERHIMYTEL. K
NAPY TR R ERAY 3D MR PE, FRATTA] USRI 3D A s Fe o 4l
POrck. EASCH, R —4 3D MR v, B2, %A _EFRET o MDY
B R HIAEPYTTE 0 = [0, v].

AT — MREERRE: WRAEWADLEPYTE 0 = [0,v], u = [0, u],
A2,

vu=[0-v-u,0+vXxu]
=[-v-u,vXu].

BANHEZ JEIE T2 U 8 2 A R AU e e B, (HIX— SR E st i 7.

3.1.8 EFLE

RN PUTCRUR AT SRR, BT A2 T RURRR S D & 9
e, BUMRZ HR R IRIEN B EE SO pg~! 80 g7 1p, TEEENINGS
R—RBOR AR
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Hrp) g7 2 g ¥ (Inverse), FATHUE

g l=qg=1 (g#0)

(pp)a ' =plgg ) =p-1=p

g ap) =" gp=1-p=p
FRA, F3R g WIS E N4 =1, 23R g WIS N g7, X155
AR R AE B ARLL.

B, BAETRAPTTHR FR—AER q97! = 071g = 119 g1 2 ARH
GRITERS, {ELRSERR LFRITAT DA A PO e B R — S MR .

BATENL, —MYCE g =a+bi+cj+dk WEFEHN ¢* =a - bi —cj—dk
(q* BAE Tqstar)). RAMRERARS PN RRE XHE, g =[s,v] B
HEEHN q* = [s, —v]. HHEPUTERI—DNERE B A2

qq" =[s,v]-[s,—v]

=[s2—v-(-v),s(-=V) + sV + v X (-V)]
=[s2+v-v,0]. v 7T —v, FilAvx (-v)=0)
AIDVES], RXERAWEERZE—PLE, e IR TS K7
qq" = [s* +v-v,0]
=52+ x2 +y? + 22
= llql*.
FA () =1[s,~(-v)] = [s,v] = g,
99 =(@)g)
=llg"ll?
=52+ x% + y* + 2°
= llqlI?
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=qq".
FRAFRATGE], g7q = qq°. X DRIRIISRIE 2 - T A HL ).
W RARIRICAS Z 7 PY e 0% Y E X AYiE

gt =1
gq97 =¢q" (HEAWL RN /TR )
@ 9q' =q"
lgll*- g7 =g (qq =119I1*
-1 _ q
ETTE

HXAIMEIFER— e SR SR, BATAFTEE — DY inyE
TS, BRAEARKHE 7T SRR S MU T BRI 7. Wk 9] = 1,
ek p=3 1) q T TBRAMETTEN (Unit Quaternion), HABZ

-1

T _ .
q zﬁzq,

3.2 MiTtE5 3D ekt

A TIXERNIR, BATHEETHETTIEMY TS 3D hefl 2 RIAYREK 1.

[ —FEMZBIHEEHINE . WERBFANFER D AE v iE — T
BRI FTE R TERe u e 0 FE, TR2BATRT LARIX AN AR v #7530 1E
TR v DUSCPAT THERR A v BATTAT DX R A 73 1 & 70 5l 3
Theks, KkiF v M. Kefifnte v ek < JGER v/ = v, +v/.

PAITA] PLRFIX R ) B SO AliPY T

v =[0,v] o' =[0,v]
vy =[0,v,] v} =[0,v]]
o =[0,v] v} =[0,v/]

u=1[0,u],
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HRLBA L RETF 2
v =0 +0 v’:vﬁ+v’l

I AT—HE, ROMEXE SIS 0, o) KU,

3.2.1 v, BINEEE

BATE IR IERZ T HeFn o, . BATZATESE, R A& vy 1B
R ek v, AB2

v/, = cos(0)v, +sin(@)(u X v ).

BATR] ATRE A HORG TR v/, A0 v, 0N o) fl oy, (HRBAMEE R
KT —MNuxvy. iR, FAPTHERIER, BT ET T
R, BAIZaESE, WREGMANEY T o = [0,v], u =[0,u], HF

Zvou =[-v-u,vxul. KLU,
qu_:[_u'VJ_,uXVJ_].
KA v, ERXTFu, Fillu-v, =0, HELED

uv, =[0, uxv,]

=uXxXvy

PR, o, FRER—AMIIER. ROTERAMEICCEINE T ! X%
R AR 2 HiE CAOSEPTERR N, B ItAEDE S

v’ = cos(B)vy + sin(0)(uv,).
[RI D PO e A Sfe 2 <7 o e, FRATTAT AR SR X 4 5K

v’ = cos(B)v, + sin(0)(uv,)

= (cos(0) + sin(0)u)v, .
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TRRIZA] AERR], 0RBATE (cos(0) + sin(@)u) BMUE— YT, Al
LRERF R T TR IR . By Ik, BATEE K ek 5 1Y cdnIi
PRRELR T . WHRL g = cos(9) + sin(0)u, FATRERE
v =qu,.
NERBEMIE— q, IBATRATHLRESEOXMiERsE 1. FRATTAT DA g 4kt
T2
g = cos(6) + sin(0)u
= [cos(6), 0] + [0, sin(6)u]
= [cos(6), sin(O)u].
HIRLR L, WIS u BR[|, BERR A 0, AR SEROX— TRk
PR SEPY TCEL q m] DIAGIE
q = cos(0) + sin(B)uyi + sin(@)uyj + sin(Q)u k.

IXFEBATRETERL T v, BIEse, BT A2 R i N E

Theorem 8: 3D g /AR (WWycH, ERIEMN)

Mv, IERT e u N, EF 0 fAE 2 J5H v/, AT DA YGRSk
W, Lo =10, v.], q=/[cos(9), sin(O)u], H24:

4
U, =4q0L

XAPYTCEL g HSGEE— M, AR PUERE]

gl = Vcos2(8) + (sin(8)u - sin(H)u)

= \/ cos2(8) + sin?(0)(u - u)

= Jcos2(6) + sin?(O)(| ) (u-u=[lul|?)
= \/COSZ(Q) + sin?(0) (lull =D
L (St
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FITEA, ARG HOREIXAS g K2 — P Aloesi. Bz andied, 2
BHSRTER LA ST DABE N A TR S e R & X MR AT DA EE 2 Y
TeE, TEN gl = 1, EFRERINZEHFF AR ARMTHEK, 21
lER, .

3.2.2 vy BYhes%:

B RO TAT U o). BT ATHe, R v, T
u, IBAHERE A2 A TS, Hat R

Theorem 9: 3D /AR (WWITH, FEATIEMN)

= vy AT T hERA u I, Bk 0 IR v FPYTERT IS

’r _
9 =7

3.2.3 o Bk
BT IXERNR, FATREBIRSE —MIERT o SR T
v =0 +0]
=0 +qU,. (HH g = [cos(8), sin(B)u])

BATTZ 2R MR CARITARFRERS o) M1 o 35F, RS2 Ter. (E2IXEHBAIA
R, BABAE BRI — PR E.
PRz AT, BAIFRZUE) LA 5

Lemma 1

WH g = [cos(), sin(O)u], T H u HHEAIAE, L > = g9 =
[cos(20), sin(20)u].

Proof. X5 BERUEPAR I8, N MM Grafmann B —& = {HF N



AT AT
g% = [cos(6), sin(@)u] - [cos(0), sin(O)u]
= [cos?(0) — (sin(0)u - sin(B)u), (cos(0) sin(6) + sin(h) cos(8))u + (sin(B)u x sin()u)]
= [cos?(0) — sin?(0)||ul|?, 2sin(6) cos(6)u + 0]
= [cos?(8) — sin?(), 2 sin(0) cos(0)u]
= [cos(20), sin(20)u].

O

HIGXA 5 (BT LA SO,  WNREEE [ — il u EEER: 0 FEMIX,
AR AR S5 (R AR SEHE u gk 20 J2.

A TIXAGIE, BATERENZ— R YT E0s R E

g9 =1

A\

BAE, BATRLRENS X JHARThEH: AT 1

v = v +qu, (g = [cos(0), sin(6)u])
=1- )+ 4oL
=pp o +ppo.  (Rq=p? Np= [cos (%9), sin (%H)u])
TEIXE, FAISIANT —HHIUTTE p = [ cos (30), sin (36)u]. ARAERINIE
HARYS (B, FRATTAT A E

pp =p°

= [cos (2 . %9),sin (2 . %9)11]
= [cos(0), sin(O)u] = g.

REZRERTERR], Mg —#F, lIpll =1, p B2 —DERAIITE, a2

p—=p.
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REIX AR Z BT

o' = pp~oy + ppos
= pp’u| +ppoL.
BATieaei#t— L EIXNAR, (BEMKS: 2 BiEFHEF UL D5 (3

Lemma 2

B o) = [0, vy] B—AEPUTER, T g = [a, pu], Erhu B /g
ik, a,peR. (EXFIAIET, Q8 v BT u, B4 qop = oy

Proof X5 FRAVUERARIAERR Z A 2] Gramann B, FA1EHHEEFX Ll

LHS = qo;
= la, pu] - [0, vy]
=[0-Bu-v), avy +0+puxv]
= [-pu- v, av]. (v FATT u, ATLABux v =0)
TR A SR AL
RHS = o4

= [O, V||] . [0(, ﬁu]

=[0-v)-fu, 0+av+v X fpu]

= [—V” : ,Bu, av”] (V|| IP?—T? u, ﬁﬁu V)| X ﬁu = 0)
=[-pu-v|, avj] = LHS (RFRE T ML)

NS A

Lemma 3

Ri%Z v, =10, v ] B—4YTE, g = [a, pu], HF u@2—PHA
M®, a,pfeR. ERXMEHET, WRv, EXT u, A4 qo =014
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Proof. "ERTUERAS Z AR5 B 52221,

LHS = gv,
= [0(, ﬁU] : [OIVJ_]
=[0-Bu-vy, av, +0+puxv,]

=[0, avy +puxv,] (v, [EXT u, FilApu-v, =0)

RHS = v, 4"
=0, v.]-[a, —pu]
=[0+v,-fu, 0+av, +v; X(—pu)]
=[0, avy + v, X (-pu)] (v [ERZ T u, Fillvy-Bu=0)
=10, avy = (=pu) xv,] (axb=-bxa)

= [0, av +‘BuXV_J_] = LHS

BHE, BATTREXT Z BIHY AR RJGHIZTE 1

o' =pp'o) +ppos
= pop* +poip’
= p(v” +0)p".

\'f'u?j\‘i, (U|| +0,) HSHl2 v, ﬁﬁu,
v’ = pop”.

Sk, BefITRRIT T PUTERCS 3D Heke > M. BATRIT 2§
o WIS TP, (HRIESNERILISHEEES o) flo,. 3D 2
(LB — e ARSI = ANPTEROR TR AT R FOAHK, B S5 R
REHERTTR, BRI AR . Tl TAT DSy — P
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Theorem 10: 3D Jef AT\ (WUTB, —M&I&EH)

EREMAR v iTE AR BT XATHER Al u hEke 0 2 J5H) v/ AT DAfE
FAPUTCERIERIRTS. 20 =0, v], q=[cos(30), sin (0)u], AFA:

v’ =qoq’ =qoq”

WATTEDL, WREANTE g = [cos(), sin(O)u], 4 v = quvg* AT v IR
H u ek 20 E.

BN AT, EREHAZI2EN. R FE T e EIER
BRI, EREREICREZE AT

o' = quq" = qq°v) + qquL = v +4%0.,
XWERY, qog* XD, X o AT TR 0 & o) SCHiRY RS 947,
XA RIE T, WAR AR, MmN T IER T e & o,
RISHER RIS, g2 = qq, F5ENERs §+§ = 0 .

Kk b, XNARXMRE E—F#HEFH TRodrigues’ Rotation Formula| 584
FHY. RIREGEAE, A PAABIER FEIXDNERX, BIARIHES
BIRAHEIEN (2 IEAREESHE] ax(bxc) =(a-c)b—(a-b)c XA
0

quvg* = [0, cos(6)v + (1 — cos(0))(u - v)u + sin(0)(u X v)].

BIRIXNE ARV AT REB R S AR R, (HEHEEE R 20— T,
PR —L =M X, IEArRENESHRARBIIECEY K2 7. EXILR
SRR [ AR AR AR IR AR O A 2 A B 25 R 2 — Dl TR

KM A B e DU TR SE R AR U2 — M RSR5EME,  RIE — A
VUTTE g = [a,b], WERFATVEZIRECE PN N Fesc I AL, AR 2T AR

e

0
5= cos™(a).
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N RARZE RIS hER A, ARA N TRER b B —TEER M sin (§) SEATDATY

B b
~ sin(cos~1(a))’

3.3 3D hedkRviEREF

TESRIOBIR T, Tl IPTRE R EAG Heks 5 PRI TR S, FTDAR
S B TE RS RO REREIZ . AT AR S M LR A S S 5K,
BATZRIFEN, ARe— TR g = 0+ bi + cj + dk SR T FITXAERE

a -b —c -d

b a -d c
L(q) = c d a =b

d —c b a

MAFE g Z£FTIXPDRERE

a -b —-c —-d

b a d -c
R(q) = c —d a b

d ¢ =-b a

Pt RA, FATTA] AR XN AT o = qog* B EREE . 1% a = cos (30),
b =sin (360)uy, ¢ =sin(30)u,, d =sin(360)u., q=a+bi+cj+dk, K]

FLRETS
quvq* = L(q)R(q")v (83 R(g")L(g)v, EANTRFEMNH)

(0 b —c -d a b ¢ d
b a -d c -b a -d ¢
c d a -b||-c d a -b
d —c b a -d —-c b a

[ 2402 +c2+d2 ab—ab—cd+cd ac+bd—ac—bd ad—bc+bc—ad
ab—ab+cd—-cd b2 +a?>-d*-c?> bc—ad-ad+bc bd+ac+bd+ac

v (EE R(g) = R(9)D)

|ad +bc—bc—ad bd—ac+bd—ac cd+cd+ab+ab d? —c2 - b2+ 42
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B a? +b% + 2 + 2 = 1, EAKTHEALEN

1 0 0 0

0 1-2c?>-2d*> 2bc—2ad 2ac + 2bd
0 2bc+2ad 1-2b%>-2d4> 2cd—2ab
0 2bd-2ac 2ab+2cd 1—2b%—-2c?

quq” =

XAEEATHIS 2] T 3D hetcHERE . ROVHERERIRIMNEA ST v ATIE
A4, T TA] AR BE R4 3 x 3 FHFE  (FH1E 3D [MIEAYARR) :

Theorem 11: 3D JEkk/ AT (GEER)

EREIME v IFE LALLM EE TR u Tk 0 25/ v/ 7] DA
EFHRERE TR KRS, 2 a = cos (30), b =sin(30)uy, ¢ =sin(30)uy,
d =sin (30)u., MA4:

1-2c¢2-2d> 2bc—2ad 2ac + 2bd

v =| 2bc+2ad 1-2b%2-2d%> 2cd-2ab |v
2bd — 2ac 2ab +2cd 1-2b%-2¢?

BIR 3D hekt HREREE A RTREA NV e ot e B, B B 2 B3R,
EEN TR B, A BRI LY T EER kA BRI

3.4 NERMIES

X /N E, TATRIER] — NMER TR 2 T U G/, heery
HEHEETATZATIER g2 = [cos(20), sin(20)u] HINEREC &9 K3 —
T, (HRXEATE ER R E R

BB DRI E AR, AR g1, g2, BATEN v
AT g1 BUAEHR, FRHAT g HOAEHR, ARHVEERET 2 0e?

BTGRP RS 1T, B, BATSEH g0 HOSHE, ZH > f5HY
|

/ *
v = q104q;.
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BRR, Mo AT g0 WASHE, 192 0”

U,/ — qzv’q;
= 424104195
BAIFEXNIIH N HITE S, S 1TENTHIER
0" = e Jpec-

NTEHREEXAE N, BANERZE—5#:

Lemma 4

MAEREPYTTEL g1 = [s,v]. g2 = [t, u]:
7195 = (q2q91)"

Proof VyRIERS Z HIZEEIRYTTIA:

LHS = q19;
=[s,—v]-[t, —u]
= [st = (=v) - (=), s(-u) + t(=v) + (=v) X (-u)]
=[st—v-u,—su—ftv+vxu]

RHS = (q2q1)"
= ([£,u] - [s, v])*
=[ts—u-v, tv+su+uxv]|
=[st-v-u,—su—tv-uxv]

=[st—v-u,—su—tv+vxu]=LHS

AL, FATTRETS 2

0" = 210914,

= (92q1)v(q291)".
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XARL, oo = g2q1. ERVITTEORIENIIF, FAVEHATHIR 91 B2
e, T g0 HUASHe. IXAERES MBI E SARR AL, #RRMGEEEN.

THERNE, g1 5 q WFNTER gue FHFAZDIHIEE g1 A0 g2 HTHA
FHEATRIMOUIER:. ERIE D &R BE R R TR — IR F e, X
U Hee HISE R AR

BARBANTICH RN MERNE S, H2EMRESM 2HE 2 ek
EE. RN TREH]ITE = NEs g5, 4
0" = q3(4291)v(9291)"q3
= (939291)v(q392q1)"

BHVENTEERE qrer = 939241
35 NEBE

PUTEEL S 3D BERHIERIERR— A1, [F— 3D Hekknl LA
RIEMPITEECRET. HHERIRAIIITR = [ cos (20), sin (20)u], ¢ 5
—q (REIRE— N, G g FRIRIRETERE B u R 0 1, T4 —q
PRI HITERE B —u 2R (27 — 0) JE:

—-q = [ — COoSs (%6), —sin (%G)u]
= [cos (n - %9), sin (n - %6)(—u)] (cos(mt — 0) = —cos(0), sin(rt — ) = sin(H))

AL, IXANUTCEERE AR 2(n - 10) = 2 — 0. M RHEIRIEIFFEATRT DA
B, XMDhE R EFITH:

<<< 4 V eA
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HSZ NP eEihe e A~ REHE S HAH RIS 51
(—q)o(—q)" = (-1)*qvq* = quvq".

FRPA, BAMNSHE W AAVYTES 3D leka —1 N2 X3 1 mEEES -1
Surjective Homomorphism) 2, B3 5 B4z Y TN fEE 5 (Double Cover)
T 3D igfE. ERTRIER 2 B ERRNIR, (EREEX EES AR
BROCSEHEM 7. AEIEXNMEREZRH/RE %, MUEXEBENET.
ANRARESLERAIE, AT AR B4R e b e rh S — L R

R IX AR 2 5, FRATTAT DA 1Y B A7 P ST BT N B & — 4 3D g
. BEU, — N U4ERRALEERE (I S®)  BERE— s R P 7T
(lgll = 1) #XNFE—4 3D hghs, X—RIEZJa M iesmEr e
ER

A—RTRETENE, BRq 5 —q @M DARMIYCE, (B2 hThek
FEFE R R — IR L S T P9 T D BRI, BRI M 2 5 el
[FIRY.  BEFERE R A2 DS 78 22 A9 R

3.6 EHER

TENIEE BRI g, FRATFI AL AT 2D IR G T v’ = o0 1XHF
HFEEOE . SEhR L, AT AT DUR R PYTECR 3D ek S B .

RETFEHHINHI A, PO a — RO AN R v 2 — P8R
F&E, eNTERAMIY T u =[0,u], B

e"? = cos(0) + u sin(0) = cos(0) + usin(0).

XWHRL, g = [cos(6), sin(@)u] A] LA FHHEEGERTR N 0. XD AL
HIS W A NHIERRAER 26, B RPEURI il PLT . Oy EHTIER
HFERAARRAK, RIACCHIERBAER . RIRBCSERITE, A]
DB2IRIG R TR,

FE, HhHu—TMENAE, u?=[-u-u,0]=—||ul?=-1. X58H
N i BRI,
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B THEEARNFRTR AR, FITEER R 2 B T ie s Ak E N aE
BT

Theorem 12: 3D Je#e A3\ (Fa5ED)

ERAE v G DAL B RIHER R u ek 0 g2 el v/ AT DA
P TERER R, © v =[0,v], u =[0,u], T4

U =e

AT ERFEECE X, BATHRE E Ut E LR T, A2 H
RN E log, MNAEREFRNMIYITEL g = [cos(0), sin(O)ul],

log(q) = log(e"?) = [0, ub].
E IS VA USpTwe S (K S vy
g' = (e"0)! = e"9 = [cos(th), sin(tO)ul.

AIDVEE], — DAY TR ¢ REFER TR ER e g R E ¢ 15, IF
HAZBZERIeE (u WO BAIRE, FrA—RAREES ¢ 455). X
R ETHeTadERN AR A .

4 MTERdEE

BT RXAZHRTEANR, BATEEFGITIE MY eI HE{E (Interpolation)
7. SHEN-EFRRERRE, WoEry—m ik e R EZ SRR
B

EAE D IERE A g0 = [cos(Bp), sin(Bp)ug] F1 g1 = [cos(61), sin(61)u1],
BAIF B — e AR ,, IEWIIEES R g0 RERS IR ML % B R X A5 #t
gi. tPIBUERIDUR t € [0,1]. %4t = 0 I q, SR TR g0, Tt =1 K
qt LR T AR q1.

HTEENN R ERNER, HERERTGEAEEEME, FRIMAYIRIE 3D

ZRPHERE-NARE 0. B4 g0 2K v ZBHE vy = qovgy, g1 SK o
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BHE| 01 = qroq;. BATFEEREFRIAR o = g,0q; SNV g0, f#
v EFEE vg 5 o1 PRI DMLE 04

BATRI B, X s R B H SN M A2 — ek, ERH g0 &%
2 v RAIEME DI E] v, X DBEFANA R — N EE R u,, Fx
MR TR EAEBOX AT M AL ¢ SEREWIS IR ER HE 1.

Mz, BHENREE, BMNZELREGX NI ER? RN
JE— ME2ZH Ag BEXR CEHER T vy BIFIE v BRZHT] vy, JXHEHSH
B MRERINE S, BAEHAT o 2, BT Aq i, EEEHER
TEFT g1 2, W2

Aqqo = ¢

Aqqoqy" = 145"
Aq = q1qy?
RN W Es: g B2 A9 ocEL, 7' = g7, EXAIPAE K
Ag = g1,

GUEARBATIN Aq BUt IRTT, (Aq)' WEREZEBOX ke I LRI A E 7. FirBA,
BATRLRES HH(ER AR

q: = Slerp(qo, q1;t) = (9145)' 0.
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AIDAREL, 4t =01, q¢ = (9195)°q0 = qo; T £ = 11, g = (q195) q0 =
q1(q5q0) = q1. QIR ¢t RIAME, EEAIUE = 0.4 I, g¢ = (q195)°*q0, ERYE
AT qo ZRHLKE 0 HE] v, FAEMELAL B 01 s 40%.

XA BN T BIEEN ARG E ), HR2ENHTHEAMUE NEZ
MUTERISRTE, THASEEE, ELERMAPRIRBCRMRAL, T E
HH—N B SRS E T .

AR AN EETT TR TSlerp), (HEBATE N AZMRE BIAZT A
A, N THBERNIEFRZEN—F 3D ZRAVHERL 5T 4D (A&
22 [H 2 RIIR AR,

4.1 3D ZiEIHEETWE vs. 7T 4D MET(EXH

TN RER, BAPREFRITE—T Aq. HTREXDMRAENAERRX,
BATATERL Ag FISEERFEAT AT
Ag = qiq;
= [cos(61), sin(61)u1][cos(fp), —sin(fp)uo]
= [cos(Bp) cos(B1) — (sin(61)uy) - (—sin(6p)up), ... |
= [cos(6p) cos(61) + (sin(B1)uq) - (sin(Bp)ug), ... ]
MR qo F1 g1 BYERMATU4EN &, FRATRERIM, IEFHTTERRE, Aq Y
SERERFIE g0 15 g1 STRAOLER 4o - g1

KA g0 5 g1 8RR BBAIPYTTEY, qo - g1 IEAFRIXMETCEUE 4D 23[R R
MRRGZIE, BAPEXDFRAFRN 0. A4 q0- g1 = cos(0).

TAIXHNE, Ag BBt — ek, mMUReRERNRENAERZ 20,
AL Ag FISEEGER T Ag = [cos(o), ... ].

FITEA,

Ag = [cos(), ...] =[cos(8), ...]
cos(¢p) = cos(6).
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K9 ¢ #1 0 BRI2If, ¢,0€[0,r], ATLAXATIHEAME— R

¢ =0.

XWFRYL, g0 5 g1 FERAIRTE 4D PUTECERIFHIRA 6, B2 el
AR Aq RIFTIRRIERRAER—F, B0 =12¢). FibA, BMTHIMUE
P I E & BT IR e A T iE.

N7 EEWHBERIXERR, HE NEXMIEE. BRI T8 TPH4E
ZEZWE, ERENAEMANEICE, BT DR e 28— 2 4ER
BBk, tstReR. HENE 3D 2 A4 R ek e

AIAER], Y g1 5 qo ZMERIRMADY 0 I, TRERZERIELZ 20. 1RTK
MHER LA — PR g, #EES q0 HIERAN 0, 5 g BIRAN
(1-1)0, IBLFATHRELRIETE 3D 2[RI, BT qo AIBEFEZ LR 216,
X T g1 BIBRFASLE N 2(1 - t)6.

BAE, P SRAPYT AR E SRR oy 17— DR B RS2 ek
A—#8) P ARAITEE, TRATREEREE R MR A E AT PPt
BATHE. 22Tk, BRI IR P A B T E.
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5 Lerp, Nlerp, Slerp

ANERWAETT T, BATERRERPRINE v, 5NHIGEIAR vo MR
A& v FEEA S, i

Vi = avy + pvy,

Hrp, 2% a5 pARE t HIREL ARAHERET IR R MA AR RLMmE.

5.1 Lerp

BATE KRB — TN ERBERAE AN —FMER: LMEE (Linear
Interpolation), WM MLerp). Lerp RIE —SFRELHATHEME, WHRF vo #1
vi BB =ABNWNL, B v 2FR=MIERISE =558

Vi

Vi

Vo

O

MEHFETAER], FRAMGER vi EAMANHERNF (Hatind). Hfp—1
AR IESE vo, MA—NAEIE (vi —vo) T LE—NRE, BATERE t BN
XPNEREL, FRRA:

v; = Lerp(vp, v1,t) = vo + t(v] — Vo)

=(1-t)vy+1tvy

Ht=0W, vy =(1-0)vo+0vi =vo; SHt=1H, vy =(1-T)vo+1-v3 =v1.
IXIE BT ER R,
SR Lerp HISE RN RN TTEL [, FRATTHERETS 2

q: = Letp(qo, 41, t) = (1 = t)qo + tq1.
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S, WABNTREE —4FES% (WE2E BRI —152) EITHER, X
THE H R B P TEOF AR ALY T

q1

)

q0

5.2 Nlerp

BARIXFEFRE ORI g FFAZRAPYTTE, HAZR g FRLERK
|| gl AEREWS ARG HL ALy — DAY TTEL T

q1

PAPREIX RSN A A THEME, T IEAME (Normalization) FYF{E 77 AR
FIERELLERE (Normalized Linear Interpolation), B{# [Nlerp). 5 Lerp
ANMAl, Nlerp FIB NG A B LAUZ AL R, SNFEHSRIIEERAZE
YRR AR, N E 2 B2 AR Y TTEI Nlerp A3

(1 —=1t)vy + tvy
(1 = £)vo + tv]]

(1 — t)q() +tq
(1= t)q0 + tqall”

v; = Nlerp(vg, vi,t) =

gt = Nlerp(qo, q1,t) =
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Nlerp fREATFAER —ERIME, SHTREHERINELBARN, v BFIAE
A TEREN. BATTATDSRE — 7

t =0.75 t =0.50
Vi, t=1

t=0.25

Vo,t=0

XAt {EREEAINRL 7 B T YNERr. BARR FRIPUE RS KA, H
BN EARHEER. + =03t = 0.25 ZRKYIN (LL) BTt = 0.25
F|t =050 B9l () ZRETAD.

IXELER, ERENERN, v, HEAEZ AR, v, HrEE (8
FVLAEE) S AW, 2t = 0.50 Z G SITUEIRIE, FTPA Nlerp 1
{EARBELRUESS ST I A I

5.3 Slerp

R TFROIXAN A, FRATAT AR TN f R T e A . 2, R
vy Fl vy Z AR A 0, HRZ
0:=(1—1)-0+1t0 = t0.

RS 1 B LM E B2 LA B AE BRI _EAY— Pl b ess, A AKFREKE
4% 4H(E ( Spherical Linear Interpolation), (¥ [Slerp|. ZKELT Lerp 2 FH I
LA, Slerp ZBKTH_EAVLMARE. A E—FIHEH I TEGHE AR
2 — R PUTCEAE U4 BRI L RhERs, FTPAESZ Slerp HY—REAT AT

FEAFIEY REUETHIAE, BAHER v 5 vo M vy BIZMEA

N
=
Vi = avpy + pvi. (1)
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ERIXEE vo M vy (2 BAIAE. 8 7OREIXHPE) o §1 g, FATFHZEM
BhEGRIRH— R R

V1

Vi

:

Vo

RAER R EMRZ AR, FBATRTLAGEX (1) BIMIA EIR 53R v
Vo Vi = Vg - (avg + pvy)
vo - Vi = a(vg - vo) + B(vp - v1)

BAVHITE, vo Ml v, ZIAIRRAZ t0, vo SEHSZBERMAN 0, vo vy
Z R AE 0, MHAEMEAZAAmE, Frld

cos(t8) = a + B cos(0). ()
[FEE, A (1) BIPAFR R vy, HESE IR

vi - vy = vy - (avy + fvy)
Vi v = a(vy - vo) + B(vy - vi)

cos((1 —1)0) = acos(0) + f8 (3)

BIfE, BATIAE TR MRS, BROTAEER ). () XM
AP, R a il B REAERTS: Slerp F9ATR T .

i (2) FATIRETS 2

a = cos(tf) — p cos(6) (4)
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B @ RN ), MH—S=mE%EX, TGRS B:

cos((1 — t)8) = (cos(t8) — p cos(8)) cos(6) + f8
cos((1 —#)6) = cos(t0) cos(6) — B cos?(6) + B

B(1 — cos?(6)) = cos((1 — t)8) — cos(th) cos(8)
_ cos(f — t0) — cos(t0) cos(6)
p= sin(0)
_ cos() cos(tB) + sin(0) sin(tf) — cos(t0) cos()
- sin(0)

p
_ sin(0) sin(t0)
- sin?()
_sin(t0)
~ sin(6)

MERNREE T B, K p AN @) #AEMLH o

sin(t0
sin((e))) cos(6)
_ cos(t0) sin(F) — sin(t0) cos(6)
sin(6)
sin((1 — £)6)
~ 7 sin(0)

R a F1 g KA (1), BATATLAFEIFIER] Slerp B AT

a = cos(t0) — (

sin((1 — t)6) sin(t0)
sin(0) vor sin(6) Vi

v; = Slerp(vo, v1, t) =

KU, FATE YT Slerp A=Y

sin((1 — £)6) sin(t0)
sin(0) 10 sin(0) -

Hb g0 5 q1 ZIARK A 0 v DLERME R e RSRIVET RS, B

qr = Slerp(qo, 41, 1) =

6 = cos™ (90 - q1).

XESFHIARZ L AT AR AR ESBUIRZS, ERETRYT K
FI=AD=ARBLIE— MR =AREIIZE, FrOSRR I Nlerp #1851
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QR IR BERE A EERU NI, Nlerp HSZAHR T Slerp RYRZEFHIRE I LK.
NTIRERR, BINEHESEH Nlerp SR Slerp. TATTHAEA —LE8UE 5
MBI TTIERAATFAILACPYTTELAT Slerp.  FRAT DAAE—LE B 5 [ JRACRE FR K
Fll—Lef 5.

R T RCRI 2 5b, FATESEI Slerp N E2E, A0SR AN TECZ [HIFY R
10 AEH /DN, AR sin(0) RTRES H T 1# MUY IR ZEBOL N 0.0, T FEX
BREA O BUEEIR. FRBA, FRATAESEHE Slerp Z A, FHEARA M NIUTTEII R A2
/N (EEEEMEA). — B RIIXRRE, A b Nierp X F A4S
VAT BOHATIR E, X Nlerp FIIRZIRF /NTUAREAAZ S EIER] Slerp H
X,

5.4 XUEBETRHIE)E

GUERIRIEICSS, MIDARREAAPYTCEL g 5 —q AR AYH SR R — ek,
AR AN BAIREEE N L. 85K g 5 —q XARZ &R
KRURE T AR, (EHREMENRERZE T nilE:

q1
‘ qO

B
' _ql

ADVEE], BABMGEBR qo AIERESE ¢ RERTD, HXZR 3D =
[A] R T e il 360°, TSP BIXP Mg HZEHR AN AZ, EHA
72 3D 2RI AR (Geodesic). MANRIRANTE g0 MIARMEZRZFMN
B —gqr CLERED, ERbeZ Bz s EE] g0 Z/MRZ, B g0 #
{EHE] —q1 A RIEERTRAERL.

XAFE S YRERAT], EX P BN DY e O T IR E 2 A, FATRR Z et il
qo 5 q ZIFREZHA, R ElSRRIEER g0 - g 2ENEL AR
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qo- q1 < 0, ARATATHUS B H AR —PUTEL, ANk g0 08 —qq, FFE
M g0 5 —qu ZIRFRIRARIEATIE, XA BERRIERE RV 2R B RY.

6 Squad

Slerp HSASRTFAE—ERIMIE. KON BAVEX M A TR E, fefehy
o MR EERY, (SRR 0 BUELR (2 = L40) = 0, #
FZAER) . WERBAIFEN 2N THE, NE—x Yo
F Slerp #i{H B SRRENS CRUERF I P TT 2 TR Y A IR R 2 E Y, (BRI
JESAEY) i (B A VU TR BT A, BE BRI AR AT S A AT]
B q0, 91,92 = DVUTTEFRAE R FA, @RI gog1+ g192 BEA Slerp 4
{H, ALY q = g1 I, FAERERFRKE, XENEIFARTAITRERNS
R BAFRERELUREEIE RERE AN, IhdER 2 A DURES), 1
Hitem—MEEE M SBoEEs) (HZGESLIRAIFY CO #s:, K%
—Fr SBOESRI CT EES:, TEILELR BIAT| i SBOELI M C? 1ESE,
DAL .

FROGZAN R TTIE AR, M EREFREIRZ 103, (B2 —R777AE
LR eI A 2B, T H el L& @Y Slerp BU# Nlerp %
18152, BAHEX B RS0 84 5ch R H AL i B0 A BKE A Az 4
{B (Spherical and quadrangle), B{# [Squad . ‘B Ken Shoemake 1E 1987 42
i (XJ@ Paper CEIRAEIT).

Squad 5PAJE Vi _E R A RAENTAE BRI AEE R, AT AT R ERY
REEIAZRARIEE. PHAANEAIRERTE L Bézier HILk ANFESS
HIRTERTH, ([HEMERARBEHRRERR, HIFE Db A — N XL
FIA.

BEBATE =N AT vo, vi, ..., v, WERBATERIX NPT
{H, BABATA LA BN & — X & v; M v BETHME, AR AR
LRIERR, MR IRMIATHATEES (Spline). WIREFEMEH Lerp HUIE,
MEFEZFEREER  (BRBAITAE LA AETREERE vo, vi, v2, v3,va)
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V2

V1
Vi

Vo
V3

R, X PahkBEARESN), H2EN—S8H L) EYHkidEER
BINAARIESN. N T RO AR, PR AR S Bezier Lk,
A= ERVRIERTRES R RINY ve, vo, v ME I A, BEREREAH—IY
R Bézier Mgk (RNAANR) RAEMXMIELIHIZ. [H2 Bézier IR X
WG RS RE R GlE), —RASEEPRESIR L), ArbiX
FER HRATEE BANE AT R 1Y, ERMEIMEGARET PRI =1 A& :

V2
°

Vi
°

/_\/.w

Vo V3
[ ]

6.1 =R Bézier %%

N T REOGX AR, BATAT A BN AN A& vi 1 vis ZE{EH Bézier
MBI THEE, <R ATERIEhE: (FESR) RGOk, RO TRAIFRZiLihZk
—kr- S8 (EERIILIES) Es:, ITEFEINEEMIRE — P Hh &
Vi MG =N A& vis, FFERENTAERM MRS s; FT i SRERHIHIZRR)
. WA v; M v (iR (HIERSEEIXW DD, s # siq 17F
F I El R, — D =R Bézier £k (Cubic Bézier Curve, VYD) 2K
WAL AP ] B [B] ) EL

FEBANHIB 7, FABRN—IEEXEE (vovie viva, vavs, vavy),
FATXAEH I =R Bézier BILA X A RHATHE. FATHIE, NT =X
Bézier HHERPR = A2 UAESS, WAL IHRERNZIAE] CL iEL:, NIFRZLE
Bl —DHESRAE v; PR RS BRI SRAE v; AU HI R 0 A T S B 2R AE v,
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REVTEAS SF TP :
V2

V1
Vi

Vo V3

£ bmAyh g, mERLal R IEAE R v, ERIYI, R RZE =R
Bézier HIZRAIIZHIA, DAL T UIEAT ERIFM. TP vo B vy, 3K
MTERFZM AN A ERNEHRBOVENA S (XARME—HIMEE, EXHER
AIATHY), REREI— D FER L.

BATIAT R 2R ACL B2 iy 2 VYT R ER L, 13 2P e A1 i E Y
Jiik, BRI BTEARR 2 TR IE — D=1 Bézier HIZKL.

6.2 de Casteljau &

Bézier BHZR KIS & LM T B IEN K de Casteljau BiE (de Casteljau’s
Algorithm), ‘BEAERIRTTHY Bézier HEERRAZHY, (HRXHEBFRMTHRE=
IR Bézier HIZRHIIB L.

RNMNEEREANEER ZLEHENRE. MIZERMNELE MR
vo, V1, V2, V3, ABAEATAT DAXFEFIRIGF IR = IR Bézier HHZk:

Hhe, BN —XNTE vovi. viva. vovs B TERMERRE, 2R18 vor. vios

Vo3

Vo1 = Lerp(Vo,Vl,' t)
Vi2 = Lerp(Vl,Vz,' t)

va3 = Lerp(va, v3;t),
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ZJa, BAIN vorvip M vipvos IXPIRT AT BIEITERMERRE, FRTS voro AT vios

vo12 = Lerp(vo1, vi2; 1)

V123 = Lerp(vio, vo3; t).
BT, W vorn Fil vigy HATERMERR(EIRTG vors, XD FIEFETA AR5
REER TR =R Bézier fZk FHY A

Vo123 = Lerp(vo12, vi23; ).

BARXPNETEBERBED, HEHRMNTLUEE —skEREMAEE (B
t=04):

V0123
Vo1

Vo

ATLVES], BARBAT—EEEALMNAE, REPRSHAE —K=IK Béier
gk CREMZ).

MRKIXEXTFEIER, A THREIS E =R Bézier BHZRAYIEIT AT,
NWIENKFRKT, BIE Lerp(vi, visr;t) BIEN L(vi, vis;t):
BéZieI‘(Vo, V1,V2,V3; t) = L(L(L(Vo, Vi, t)/ L(Vll \%¥ t)/ t)/ L(L(Vl, \¥ t)/ L(VZ/ V3, t)/ t)/ t)
WK Lerp FITE X Lerp(vy, vis1; t) = (1 — t)v; + tvi ABHRAFF B AVIE,
BATREIRIFIXAE— 1T

Bézier(vg, vi, vy, v3;t) = (1 — t)3V0 +3(1 - t)2fV1 +3(1 - f)t2V2 + t3V3.
RN IR R EER 2 3, A DAFRATULE 2 — > =X Bézier HhZk.

BATTAT AE AR T A~ s FH2IPY T L, 1S2IPUTTEHI BRI Bézier Hi
2N, (B Ry BRTE M EAREANZ Lerp M2 Slerp, FATFER AXFTA
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H Lerp HBHARK Slerp (PRAJDAER —F, KU A BERIIILIEEEE —
ARG (Mesh), ZJE¥IX N PIRIGFERRE ). FERAARKEK, B
Slerp(qi, qi+1;t) BIE N S(qi, gis1;t):

SBézier(qo, 1, 92, 93;t) = S(S(S(q0, 91;t), S(q1,92;t); 1), S(5(q1, 92, 1), S(q2, q3; ), £); 1)

XA HESHSE Ken Shoemake 7E 1985 F-HIARS Paper BIE HHIIHIE /T TA, fR
AR T IEHI R AT AT, RIS DR ERRER T, U —
A Slerp WLEE MY =ARE, MHRINTXE—-IHH 74 Slerp, UIREMNE
o P e TR E SN PERE = A AR KRR .

6.3 Squad
T2, Shoemake 7 1987 42 H T — D HEEANELIRTE, HiiZ AT
&M Squad.

BATE LR E FHFmERNER. FRIEFAER Squad FIEMM Quad,
3R TQuadrangle |, Quad BIRZ X, T HIRGFHEERHIANX MK, H
e N T B IX B N X AR e .

5=k Bézier HIZIRE T =B —IXIGEARFE, Quad EARZE—E IXHHE
HRE T —BE—IKifE:

BATE RN vovs Fl vivy B THE, IR1S vos A vio:

vo3 = Lerp(vo, v3; t)
vip = Lerp(vy, v, t).

Za, BAMER 2t(1 —t) ISEL, A vos 1 vip BT ZOGEME, RIGRER

V0312
Vo312 = Lerp(vos, vi2; 2t(1 — t)).

HERRAZN Lerp HRANSEHZ XM 2t(1 - t), RNEBAT—EEEHT ¢, T
HEMBENFRNHENZENT vog M vip. BATMEIRR] CAUE H E F R EE
(B t=04):

51



Vi

V12
s V2

V0312 |

N

Vo V03
[FRE, FATTAT LK Quad B NI

Quad(vo,v1,v2,vs;t) = Lerp(Lerp(vo, v3;t), Lerp(vy, vo; t); 2t (1 — t))

AIDAE S, IXFERVREEZE L =R Bézier BIZRMTHIRZ, LR Lerp D EN T
=R BARRAHIIZS =X Béier gk AZ MR, HE2ELMRIEPT.
BATRT AR LA L. TEIW, EilE =R Bézer HiZk, 171472 Quad HiZk:

A4 Vi
V3 V3
V3 V3
Vi Vi
\') V2
A\ Vo

AIERFNA Lerp FIZE X Lerp(vi, vii1; t) = (1= t)v; + tvipg KB EIHTIE,
BA RIS 2R AT

Quad(vg, v1, Vo, v3; t)
=(2t2 = 2t + 1)(1 — t)vg + 2(1 — £)%tvy + 2(1 — )2y + H(2t? — 2t + 1)vs.
el — "=k, I REE AR
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GUERTATHF Quad BBV AT TBRE, WLEERS VY TTEHY Squad

Squad(qo, q1, 92, 93; ) = Slerp(Slerp(qo, q3; t), Slerp(q1, q2; t); 2¢(1 — t)).
FAVENIE Slerp(qi, givi; ) = (qinq]) qi, FTAFATA] DAY Squad 5 BUAEHUE X

Squad(qo, 41, 2, q3;t) = (Slerp(q1, q2; )(Slerp(qo, g3; £))")* Y Slerp(qo, g3; t),
XN T2 Squad FIHTAEH B .

6.4 Squad FZFH

K, BNEEIARERAINITE, N2 DA PTBOE TmE. RK
1A — NI BUFH qo, g1, -+ qn, BATFEXS & —XFPUICEL q; 7 g1 HD
i FH Squad HEATHHE, A ABRATTE

Squad(qi, si, Si+1,qi+1;t) = Slerp(Slerp(qi, gi+1;t), Slerp(si, siv1;t); 2t (1 — 1))
B, B TORAY ARG 2 IR R R AL s; Fl s 1. BT Bézier HZR
HIRESE, BATFEIFERZERT—MYICE g0 DA qi40 FIERE.

s; HESIE R IR E /&, H2eRAERNESIEFER A 1k Squad fEY]
B nl S, MIIAE| CliEs:. st @i, BAFHE qo1q; FHENE Lt =14
S, 5 qigiv FEERTE t = 0 M FEHEE:

Squad’(qi-1,Si-1, i, qi; 1) = Squad’(qi, si, Si+1, gi+1;0)
WRFATEEMIX HA S S N EANE, TR HE A YT SR E X
(B g = [cos(0), sin(@)u] = " FX), (HERRENX—H LEITRZ HIER,
BHFEBITNH. FTAEXERS B R s; HES. R IRECLHEBRY
iE, 1RA] ARG 25 R R B S2 R UERA.

RN RIS T RS, RZEED (WEEENENER):

log(gigi-1) +log(q:qi+1)
4

Si=4giexp| —

TR, M Bézier BHERIUFESAARIAZ, IXBH s; 7EX qi1q; FHENFIN 9i9i0
AEN AR, AMRZATZAE T VLA P A R PR
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S5WA ez RHEE—FE, Squad [AIFERZENEB HZAIZM. 1A
TR A RS R AR E 2 /T, e — ok, i g, Rille
SHE=VIeB RIATA, MRS AR, RHfERR SRR/ .

7 KMIMEZ. SFEABZHIUARIGRR

GUERPRRE—EIREIMAE, ABAMRRIZX YT 3D hekkHI R R AN AE K
FEAERIN T E —EH AR T 1. JRT, S VUTE R A SCH) TR AR
ZiR%. N TRELIRERZHEXETE, £X—%EH, RIESGHSER
FHAIS, ARH RSN — e, FFR M —Ein R m L.

7.1 ZEE¥
7.1.1 4$5BRIERE¥

PR IE RS BE (Special Orthogonal Group) HI e 2 ek B — Y IE O,
RIRF AR TRATS Y 2D #1 3D JefEkilE, IREFRERI eI A —L&
SR H4FAE.

B, CATERZIEARHME (Orthogonal Matrix), 52 1 A5 REY 51 A & B AH
B2, mHZRAE. MRBATEERERE Q, M4 QT =QTQ =1, m
HIER S A2 MR SRR E — D IERE RS, (EA R A AR AR+
[FEAKEMAR (MR RA), XEZEENREZ —.

ERERERATHI X ATEA W NE, 72al2 18 -1 (FATA] AR 2
(detQ)(det Q") = det]l = (detQ)?> = 1) . HTHXEN -1, ESHE
P EAUENOCE, ATCON M AR, TATHIRED 1 I, e ORR A
SAUERNALE, FrDOS MY ZIEE:. RIRECSERTIE, (RA] AR =18
FOR—1FRA 2D M1 3D Jefe i rErI 7o, IR el#E T/EHE.

BATRATHIRME 189 2 x 2 IERFEMEAERERE ST (B EE) TIEMRH
ZEREN MURF IR IE 2SR SO(2) (SO #8HISZ Special Orthogonal), "B HIFEFT A
2D fighe. FH, SO@) XMHHIEATER 3D hiets.
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7.1.2 45REEE

YSPREEBE (Special Unitary Group) JZ[FIMT BN PYTTER)—DZRE. AR
fRICICTS, BATZATHES T PO eI NMEMEE R, X EBATE TS
[EEiE]

a =-b|-c —-d

b a | d -c
Q= c -d| a b

d ¢ | =b a

REXA R )G, FATATDAREL, XEPR ST REERRR T 1
EH8 (a+0bi= [Z _ﬂ). GUERBATPRAIX AN ERE LS N EAEFERERYIE, WLAE

a

=2

a+bi —c+di
c+di a-bi

Q= .

WMRFANTEN a =a+bi, p=c+di, B4

Q:

a —El
B a |

YT g = a + bi + ¢j + dk 22— DAY, X EERENAMER.
B, B NEMM (Unitary Matrix). Q5RE —DNEER U, B e
A 5

uua=uu=1I.
Hrb U 502 MRV IR B, B o ERE R — N o RBOLE, T
B EAERRTYIAMERTREZ 1 80 -1, [HN T BAPY e, det Q = [1g]|1> = 1.

PATRATHIZMEN 1 HY 2 x 2 PHRERETERERE IR IE N I AR A 2 BRI (R R
#F SU(2) (SU #5MYJ2 Special Unitary), ‘&R TR A EALIHTTEL.

BNz ai—EB e RALPY TS 3D ek 2 A X R E S 2 7ETT it
SU(2) — SO(3) iIXEEFEZS.
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7.1.3 BEREMRIBRAR

SLhR b, A= BN IR KRB A ILIXEE, SRR
R A R IR B B o DY ST BOR g %, AT BAZR 3% John Stillwell AY
Naive Lie TheoryJ .

BT H25b, FIBAERFE Alistair Savage B X Tntroduction to Lie GroupsJ
& AT DATE Wb S 2 AR H .

Qiaochu Yuan TEMAYIEE EHE T JURKTPIT, SO(3). SU(2) HITEL:

* SO(3)and SU(2)
* SU(2) and the quaternions
* The quaternions and Lie algebras I

* The quaternions and Lie algebras II

7.2 JL{AIHEER (Clifford 1X£%)

P9CE S TUAEEL (Geometric Algebra) Z [AIA R BEAVELR (AT DATL
R TUTED . BT UHMRER = DERIAR, TAMEIX BICIATE
R — e . RIS IX R WA RESGE, v DLEE Y2 SRR
F— LR BRE. EIXBERANTAEROE ST AR AR,

EJUAREH, BATE X TR MERTLAFR (Geometric Product) . 415
BATEWDAE u Ml v, AL ENRLERS

uv=u-v+uAv.

He, uw-v Z2HENAR, E2RNEFERNAH, aAv GEE T
wedge v.|) M2 EAIIMA (Exterior Product) . AMRAE =4k A &) AR
L, ERIMUEERHEERZAE Y. HEH, uAvZERAZ— M EIER
F&, B TZEME (Bivector). TANIAIEMHFAMITIEE, FIXEIRA
R AN AN =4E A8 A SR —RERE RN i LA — P e ge B9 75 17
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https://www.springer.com/us/book/9780387782140
http://alistairsavage.ca/mat4144/notes/MAT4144-5158-LieGroups.pdf
https://qchu.wordpress.com/2011/02/05/so3-and-su2/
https://qchu.wordpress.com/2011/02/12/su2-and-the-quaternions/
https://qchu.wordpress.com/2011/02/26/the-quaternions-and-lie-algebras-i/
https://qchu.wordpress.com/2011/06/14/the-quaternions-and-lie-algebras-ii/

BATEVY TSR E L — DN EFE RN AKX, tRBATE AP

u=1[0,u], v=1[0,v], HiA4

uv =[-u-v, uxvl=—-u-v+uxv.
BRT RORMARRE TITE, HEEAERMER. Sfrtl, Wi mReE
G® 4.

TEJURAREH, e 2R TR R ST —IRER ) X — e FRE .
XA E B E ST DA BRATT LT S IE A HE MR B AR, FRATTAE, A2t
FEFE SR A A ME Y —1 BIERREERE. WERBATAE M R STZE#: A #1 B,
HBZ, det A = detB = -1, A1 det(AB) = (detA)(detB) = (-1)> =1, Ff
H AB [FIFEZIEAZHERE, AL AB & — ek,

GERBANTRER v 2P (BB ) N K55, mHEEITA
—/MERZT N BIBNTAA R n, ARATATTA] POEE ) LR 75 25 v

v/ = —nvn.

RBATE RIS EFI M (HEANAE m &S #Y5—M0,
A2,

v/ = -m(—nvn)m

= (mn)v(nm).
EIXE, BITEXY R =mn, DRERHIE RT = nm, FiPA
v/ = RvR'

IXAEE RN AL VY TR e RS AE R 2R 0L BRILZ A, BATIHE AT AR TR
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A FHIIRFIIEER, MRBAE A —EAE

_n/\m

sin(4)’

Hrp 82 nfl m BRA, AEA FHIXNEGREKE v 15D B E CHIHER: -
HiEks 0

PATAIEPY TP A RO ZE1e, ERXEZ et EimaEmHmEsL. &,
THEIX BLE X2 — e VI m AR e . Bed 02— MAET =
HERD = HERVRPRIB 00 (TR 122 il RN (E 22 T AR AR ), WSR2 A 211y
dezslal, Bl 4 MEZHPAR (5) = 6 MERFH, BT CRELT
“HERI=HERY) BetE XAE N PEZ BT

721 BEAMRBRIAIR

BA DX EXS TUAAREL B A AR R RS, AnSRARTTEE T M B 22 5 LT AR
AT, AT PAZSEE Chris Doran 1 Anthony Lasenby FZ HI+) [ Geometric Algebra
for Physicists) . XAFIEMH Lecture FHAYTE L.

MRARBEAFIXARF KK T, ATBARF B Jaap Suter HHJ TGeometric Algebra

PrimerJ .

Mathoma £ YouTube _EH —N UAMREASIEALE RS, BEIATIIRTEEH
H, AENERE, HEMHEIEEBHRZE. EME5E EIRteT DR
PUTCERUAH G HE S

7.3 ZEMTE

PR 7 EEHIPY TR AN, JTUAAREIETAE TR 7 — P ZEWTE (Dual
Quaternion) . ‘EANAEREFRIR 3D fieks, IEREMEFRIR 3D 2SR HEATHINI
{8123} (Rigid Motion), BIViE¥e. VA3, SESNIEISIGEIN, A DA I feth 5
MT B,

TEDYITHFERERI ARIR N g = a + bi + ¢f + dk, B5EEAHTHEA
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https://web.archive.org/web/20190427213700/https://www.mrao.cam.ac.uk/~cjld1/pages/book.htm
https://web.archive.org/web/20190427213700/https://www.mrao.cam.ac.uk/~cjld1/pages/book.htm
https://web.archive.org/web/20190326171143/http://geometry.mrao.cam.ac.uk/2016/10/geometric-algebra-2016/
https://web.archive.org/web/20250709125241/https://www.jaapsuter.com/geometric-algebra.pdf
https://web.archive.org/web/20250709125241/https://www.jaapsuter.com/geometric-algebra.pdf
https://www.youtube.com/watch?v=PNlgMPzj-7Q&list=PLpzmRsG7u_gqaTo_vEseQ7U8KFvtiJY4K

FRE, XENRE a,b,c,d BEAFHZ2ELE, EIEXEZEZEH (Dual
Number). —PEH z v] DAgE LN

z=a+be. (€2=0, € £0)
AL, FADERT DA — A —E Y5
q=r+de .(r,deH)
Hep r BRXADTEETTHAIER, 4 21X EHIYITHAYEER (Dual Pary).
IXFERE LSBT TR E SRR, LEIRITRES Fo R H B RIS .
7.3.1 SEZERIBRIAR

“EPITTERE R ARIRZ, EAERIE . BEILE Ladislav Kavan et
al. IS AR ARHS :

* Dual Quaternions for Rigid Transformation Blending

e Skinning with Dual Quaternions

o K15
FRILEZ AN, Yan-Bin Jia 5 T —f % T ZEPUTTEAIH S, Federico Thomas 7E
A0S MEERERI A FEN 48 T BP9k
7.4 PUITE

NEIE R T PUTCECR B S SRR R B 2.

741 EXRXE

Ken Shoemake B /J#2H} Slerp fERIIE S LA — TR APUTTE IR S :

* Animating Rotation with Quaternion Curves

* Quaternions

Erik B. Dam, Martin Koch, Martin Lillholm 2% F VU e ¥IdET S 1Y —Fm &
IR
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https://www.cs.utah.edu/~ladislav/kavan06dual/kavan06dual.pdf
https://www.cs.utah.edu/~ladislav/kavan07skinning/kavan07skinning.pdf
https://www.cs.utah.edu/~ladislav/dq/index.html
https://web.archive.org/web/20180712094717/http://web.cs.iastate.edu/~cs577/handouts/dual-quaternion.pdf
http://www.iri.upc.edu/people/thomas/papers/IEEE-TRO-2014.pdf
https://web.archive.org/web/20191024025535/http://run.usc.edu/cs520-s15/assign2/p245-shoemake.pdf
https://web.archive.org/web/20170829011748/http://www.cs.ucr.edu/~vbz/resources/quatut.pdf

* Quaternions, Interpolation and Animation

BATTZ HIFHE2IHY Squad HIIERA LUK R TRIFZ I s HOHE S A] DATESS 52-54 T
FRERE, S PUTECS R I Ie AT DAESS 23-25 TUERE], XF Slerp AR PUFHE
ML HIITIR AT DAFE 42-47 TUERE. BRILZAN, X ISGETTIE T HER —
SeRR(ETTTR, RTLAME 56 T2 A {RE.

Jonathan Blow X} Slerp B—2£15t1, B4R E T Slerp AYTERE R A — Ltk :

* Hacking Quaternions

* Understanding Slerp, Then Not Using It

Euclidean Space IX/MMuh E32 2 T 3D Fekk 25 #edE SR X 2 (8] 1 4 4
A EE:

e Maths - Rotation conversions

REPEEMATHAT] TR - WFEE IEERI S EXN YT BRI, 5
LA AT T 2mEa. MR 18 9 STTHRKIec0EE, 2o
10 SER. WIFIPRR S EGREI R —ARS, M TrocBosRy , T
2014 iRk, (BRI ORER 7 B SCE AR RENS CE T k.

HMMNRST fEAAT S TPUTeECE F v 7e = ROt RlERE B o A 22 R
Ry A, (ERBRETI#5%  (Stereographic Projection) RFPUITE R E 3D =2
7], FIEERRT T URRE T VYT R IR e s Al RHUSE R (B PRIXAT5 30
AIRER AR . 18 HE R ARy — L& a] BRSO RAV B i — & R
).

David Eberly fEAIR%E Geometric Tools 3R AL — R FI S BEAIAAS :

* Quaternion Algebra and Calculus
* A Linear Algebraic Approach to Quaternions
* Constrained Quaternions Using Euler Angles

* Rotation Representations and Performance Issues

JEANE
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http://web.mit.edu/2.998/www/QuaternionReport1.pdf
http://number-none.com/product/Hacking%20Quaternions/index.html
http://number-none.com/product/Understanding%20Slerp,%20Then%20Not%20Using%20It/
http://www.euclideanspace.com/maths/geometry/rotations/conversions/index.htm
http://www.phys.cs.is.nagoya-u.ac.jp/~tanimura/math-phys/
http://www.phys.cs.is.nagoya-u.ac.jp/~tanimura/math-phys/
https://qiita.com/HMMNRST/items/0a4ab86ed053c770ff6a
https://qiita.com/HMMNRST/items/0a4ab86ed053c770ff6a
https://www.geometrictools.com/Documentation/Quaternions.pdf
https://www.geometrictools.com/Documentation/LinearAlgebraicQuaternions.pdf
https://www.geometrictools.com/Documentation/ConstrainedQuaternions.pdf
https://www.geometrictools.com/Documentation/RotationIssues.pdf
https://www.geometrictools.com/GTEngine/Include/Mathematics/GteQuaternion.h

7.42 PiE

Andrew Hanson B4 TVisualizing Quaternions)] X PYTCHGHAT TIEHE MY
. BR T Ve BAE IR AR N 2 5, d st 7 1R 2 19 = 7 By i R
i EEA A 3.

John Vince 45 F'Quaternions for Computer Graphics] i s H7E LT
HWENEEEHRNE, HiDHEEN TS,

IGraphics Gems)) IX—RANNFHERZ N T IHCEHTie, HZ2HRY
18

7.4.3 057

RITEHE, B EARBIELAAAJG, 3BluelBrown £ YouTube % 1fi
TPUCBHIEAE RS, AR B BRI s R TR Y. AnERAR
EWEEGALRIERE, AT DARE s

* What are quaternions, and how do you visualize them? A story of four dimen-
sions.

* Quaternions and 3d rotation, explained interactively.

o A] B AIRARE
7.4.4 5

Cesium]S FEX T PYCE A SZEL -

* Quaternion.js

BEIRIXNERH JavaScripe H5HY, B2 EEMTTEEEHTR MR TIREIEH &
i, 1 HRME T Slerp AL EURTE.

GLM JEX VYT B0 — s PUTT R SCEL, SR Cor SEL:

* quaternion.inl

* dual_quaternion.inl

Magnum X FPUTTEON — EPUTTEATSCEL, SR Cor S
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https://www.elsevier.com/books/visualizing-quaternions/hanson/978-0-12-088400-1
https://www.springer.com/us/book/9780857297594
http://www.realtimerendering.com/resources/GraphicsGems/
https://www.youtube.com/watch?v=d4EgbgTm0Bg
https://www.youtube.com/watch?v=d4EgbgTm0Bg
https://www.youtube.com/watch?v=zjMuIxRvygQ
https://eater.net/quaternions/
https://github.com/CesiumGS/cesium/blob/46ed67c0bf601b52f3b1acdb7bb13d5decc5a181/Source/Core/Quaternion.js
https://github.com/g-truc/glm/blob/2d4c4b4dd31fde06cfffad7915c2b3006402322f/glm/gtx/quaternion.inl
https://github.com/g-truc/glm/blob/2d4c4b4dd31fde06cfffad7915c2b3006402322f/glm/gtx/dual_quaternion.inl

* Quaternion.h

* DualQuaternion.h

Direct3D 9 RIPUTTEE A, BARANM, HZ2HEEED 7RZ LAY
RS DN R I

* Vectors, Vertices, and Quaternions (Direct3D 9)

8 MIR 1. HHITERBVIEERRSY

IXEBAPRIEA Z B2 EI AT SER AL & u AT B AT B Y T
u=1[0,u], B

e"? = cos(6) + u sin()

Proof FUFEFFSEE—FE, PIeBRviaEit 2 R RECRE .
FATHIE, e*, sin(x), cos(x) 7rAlEE ML EITH

. b X" 1 2 3 4
e’ = F =1+x+ E + a + I
n=0
o (D" o Boox A
Sln(x)_z(2n+1)!x R TICTR T
n=0
~ &0 (_1)n . x2 x4 x6
Cos(x)_z(zn)! BT TR
n=0

n!
n=0
3 w6)?>  (ub® (ub)* (uh)
=14+ub+ o + 3l + a0 + 5
292 1/[393 1/[404 1/[505
=1+ub+

T T TR
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https://github.com/mosra/magnum/blob/440653dbb8815ba28fd20203acae711dbb8b14b4/src/Magnum/Math/Quaternion.h
https://github.com/mosra/magnum/blob/440653dbb8815ba28fd20203acae711dbb8b14b4/src/Magnum/Math/DualQuaternion.h
https://docs.microsoft.com/en-us/windows/desktop/direct3d9/vectors--vertices--and-quaternions

KA u? = [-u-u,0] = —||ul|> = -1, FKATATLAXKS 40 Ht—20(L 1
292 uu293 (u2)294 u(u2)265
STRRE] TR
0> uo® o0* uo®

+

LHS=1+u9+u

AR, 0 1K cos(x) 1 sin(x),

: N (_1)11 n+
sin(6) = Z 2n + 1)!92 1

0 0 0 o
BTl
> (=)

cos(0) = Z @) 6"
n=0 ’
1 0> o+ o°
T Tm e "

FITEA,

RHS = cos(f) + u sin(6)

( 1) S (_1)n n+
Z (2n)' T Z 2n + 1)!92 1

6> u63 6*  u6
=1+M0—E—T+Z+F—“'—LHS

O

BATEUE AR E SR BRI su(2) 2R SU(2) BIFa RS, FRATTZ Fhr
DARERSIEFA B RN u? = -1, 5EEW 2 = -1 FHEELL 5588KF
2 x? = -1 XD 7TRRE TR R A TR, R 341 A 21

u=[0u], RE u@—PENMNAE, u BN

9 MR 2: EFLIrRS TRINeEL

Koy A NRIZDX AR, AT DATRREAEIX B A B AR — N2 TAEAR R NHYTE

.
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GRARERRIRTE, XEERE DA RAERIRRSE, (HIXAMORE
PRRGUN THER R A RARR. BAHES 2 HHIRHE L T BAMEERBF
FRARSE, HEBNMERRREFENRE HThE IET . BRXM R
SEEHAFRE NN, EXAZEENI—LEBBIE X (Convention) .
ENARE ERERIRR, BT AT DA R X M.

AT, AEIX 25— VIS 16 A S R IR R AT A V. R,
BATRRZRAEIX MBI, KB B2 ARF,

9.1 HFLiIRR-EFEN

BATESRE — DR B RITE L. AR BAMIRAE G TARIRR SR,
(E2 i e T MR E SRR I IETT 1A,  PUTTERI e AR K AT AR
AR NE?

SPANTALETENE ez I, ekt rIrra= 546 T8 WE R fek:
Seefif. 2l BATH etk o ), BAHEREHE et hid i ¢t ie
B o . TELAE, BATINHERTZITE e mhIRET £ ek o & :

RXAMEATIC R LA B . BATRNE, WRBSEHhess 0 fE<F T2 ehiE
B—o . X, BATDIERR PRS- A FEN) Mg
ICEREFIIRAL.

BA1RE, EBAHA T2 NE SCEe By E77 AR, PYocEoese iy~
(W2 3.2.3 717) BIXAEEATIE SCHY:
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WRBATE— D IeEe YTt g = [cos (%0), sin (%H)u], LR M&E v
1 DARRAL A & e il u ERS $HiERE 0 FE 2 J5 1Y o’ ] DUEIE AR
ARG

v =quq* = qvq'l.

NRTAT VBB ENG o ERSEHIERE —0 &, TAIFZAVETR IS e p

v

QUEARTRATME XS RIPYTCEL p SRR o A Theds
v' = pop’,
A TREEFERE o IRBSEHER: 0 B/ o' 1.
SRTM, PRATCATERE] p PR HSE ¢
p=0@)=q
XMEEY, IRESEthER: 0 R AT USR] DA Y
v =pop’=qog,

Ht, g =[cos(16), sin (30)u] 5ZRIRFEAZE, ME—KEIHIE g HEANHIIG
P, BERATREA v 723k q*, HF g, SZANEFHKR. RESD AT POET
VO iee IS &SRS H FFERYEEIL.

IAEBMNINIZE R TETFEIRR - EFEN) BIHN MZEREN v i
TThese 1
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Theorem 13: PUTTEER AN (GTERR, AT EME IETTTA)

EEME v iTE ARG A B E XAIHER A u I EHiER: 0 2 J5H) v/
A DA FH PO e8GR IE RIS, 20 = [0, v], g = [cos (16), sin (36)u],
B2

v’ =q'vq=q"'og

92 EFLiR-GFEN

R, BAPRIIE— X LR E B E I, BUE, BATPREER T4
ARG, (BRI A TENRE e HIE ). X2, AT
ek 0 FE ) HIRHE, BRAMSAT ZRRINE hek Mgt ek o 12

BARZATRAMMEREBMIEA T ARG FARRS, (HRTEE XA
S, BAMURE— D I TR FYE (Handedness), ARELE SR
2.3 TIkE3E w BB Y Y 3.

MR AFR A TS BN w E? BATEAEHAN— AR, 2IRA
FHERRZHFASIMEMIBEEZERIERF W, BRSO AER
(Visualize) [MI&ZAIRZ.

LEANEAT Y R, AFRATFHENRTHASHBERIERE. %
— N B EIE T, REBMTER AR u=(1,0,007 f1v=(0,1,07,
ERMEEHEEIYFNERE w = uxv. RTEMMNERRES, Bt
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BT FORIEE RAR 2 — AT

uxv=

o o K

i
1
0

_ O =

=0i+0j + 1k
=(0,0,1)".
TEAEFURAMAFLIRRF, uxvNEREZ w=(0,0,1)T. A, H&

RS R 2 PR, AT XA R w = ux v HIFFEX
X1

zZ
AW
=V Yy =V y
u u
Tw
X X
z
BFLFRPHIRE EFSFRPHXE

REZBEBTERE], RA w HIEFRAZ 0,0,1), HEESAE ufl v i
W ERIRREA T ARMETEIRRP AR, E6TEIRRT, wiy
JiE A BB A FENBROVE, MfELTRIRRT, w BTN T A
FRENRIE.

FDE TIXNEERZ G, REIZEZE A ZRENS P WL 2 T8 hr R Y JE SR 2
4T,

A, BANFERE - MUOHETERRZES 2.3 THESIER. E
BATWIRE G FENE ek, ATl 3D et~z B2 se 21 H BEEHY
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ZJa, BATRAFERRERSE R 7 AR 2D Vi, I BAH XM

& 7R

W=uXv,.

APRARITFHEM B HER TR, BAAE, TEETFERRT, wiE
6] v SR B /2 JERITTTAL. SRR A TAEAR R, w IS v IRESE
g n/2 JaHI75TA

W v,
| . A .
W
ABFLIRRPHER EFLiRRAPHER

AERBA U AL RIX DA
v/, = cos(f)v, + sin(0)w
= cos(f)v, +sin(@)(u X v )

KT RBEEL ISR v HUE, BOVSRINRZER v IRBSSHIEs: 0 &, 85353
WESEHEE: —0 2RISR, BATRIZ DN EFRH R AVEERAM v, :
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=/
w A\

B — R R N AR S IPTROY RO, TS, 1
FEFARRRA, AERA G — NEETITES g = [ cos (26), sin (10)u], —4°
R o A AR SUNERE u, TRAIXANARENS 0 W uBBdEt
Vet —0 it

v =quq* = qvq'l.
WMRBATFER o IFE u EREE 0 12, SR E—THER, BITFER
g 5 g MRV E. XELEN, WREHX DA

v'=qvg=q"vq

BATRRERIS HIEARZEAVZER, 1 o 108 w BRI EHiEs: 0 Y o', IX i
BT TR PRI TR e -

Theorem 14: PITTHIERR A (FEFERER, HFENE IETT7A)

EEFE v IFE DLRA A 8 E A TEFEH u N EH e 0 2GR v/
A DU FHPYTCERIE RIS, 20 =0, v], g = [cos (16), sin (16)u],
i1/

v =q'vg=q"og

IAEPRRIZAH B ERE B IX RN 1, BMEIRE CEERARIHS
th TEFAIRR - EFEN) SR ek 7. XA SR AT
P ElE 7, KA UASRZATPUNTRZIRES — T, REIRMIZAER2IX
FERIEEIE:
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Theorem 15: PUTCEE AT (EFERR, AT EME IETTIA)

EEME v iTE ARG A B E XAIHER A u I EHiER: 0 2 J5H) v/
A DA FH PO e8GR IE RIS, 20 = [0, v], g = [cos (16), sin (36)u],
B2

' = qoq" = qog”

ATDVEE, WNRAEAETAPRR M T NE hEL1ET5TR, FAEG T2-FR
A A FENE ek (7T AR ATOR e & —HERY.

9.3 LIRRLMR

A—REREENE, KON PR AR S MBI 2 A AT
AEPRARIIIAEL.  VRA ATRETR 2R R — N HAE AR AR AR PR HR.
Qris T DX AR L

Y z
< >
A . A ;
4 Y
IR A THITER: 2¥5F B THR—hedE

PRPIZREER ], BIARIANE R RS B R —RE, (ERIXT D Aehs
FARMNFHRAE T, ARG BT . SRR A T (v, y, 2) Hi5
B AR BRI (x, 2, ) B,

MBERNHEBRR A EFRRR) PEAATENE LI /77, 1
PIRER B (EFARRR) FHEAATENEEA (MRS o = qog°
ANATHTHER), FBALERFRR A FRERIEE v B (0,1,0)7 AIE77IA
Wett 0 i, TAEAAKRE B LRI 2 B (0,0,1)T FIIE T FINES: —6 .
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TEHE iy B T S X — i H S AT DUE MR AR TR R k. BRIt
VBN BETFZR e MABBR R A BB AR 2R B Fh. BRATIBRIAIX N ieds
WEAIRR A PR DRAAE v, BAIREKHE DR T K ug Ffb
FIIRAR B, BATRAEIRR B ISR AR 2N up. X AR P 177 2

TuA = ug.

B FORBA TR HIXAN e T, RO R LA RIS, —
Fh2BE (Rotation, NBZEFE), H—MERH (Reflection, BIZEFH),
FRDAT —& 2 — MM, BT FEME =M A EE T M2t
PRESAS R TIX M EH: T ATEEE.

A2, XD T NTAIRER A TR MRS T 228 He? Bl Trr DAk
HRHABRR A THFRERE: x 40 (1,0,0)T. v %0 (0,1,0)T #1 z % (0,0, 1)T 3K
X A] .

B, BATRBE—T x #h(1,0,0)7 FriftiryZsie. BRI ELIRR A
HE— DL x B BERE R BERE A, R BATELEX DM EsE1E AR A B
BRRTEE—F, MFEELIRR B PREFIRE x fl (1,0,0)7 HIThER, X
Wit bt

|
0].
0

RZ vy (0,1,0)7. BEOVBIRR A Y y MIBEERSBLIRR B P 2
(0,0, )T 4BAAYZRI—NT71A, FrLAFA RS E]

0
0f.
1

[FIEE, PATAITERPRR A FRHY z Bl ied| 7265 B A v Bl FTLA

N

T

1
0
0

S = O

T

0
0
1

S = O
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BAPRFX=AFA MBS Gk

100 100
Tlo 1 ol=]0 0 1].
00 1 010
100
BB FER AT o0 1 o [HYIH
001
-1 T 1-1
100]|[1 00 100][100
Tio 1 0llo 10| =|oo 1|0 10
00 1|loo01 010[loo1
100[[1 00| [100][10o0]
Tlo 1 0ollo 1 0|l=(00 1[|0 1 0
00 1|lo o0 1 010[loo1
1
100
T=|0o0 1/.
010

BAE, WMRBATELIRRTE —DIEFH ua, BERFHEAELIRR B H
X R A HERE g, WLRTLAEIE DL N RYTHERIRTS

ug =Tuy

S O =
_ o O
o = O

XA T HRE R L ESCIE R 7 — MREZAER, BAATEEE TR
EHIFTHI (Determinant) RHfEBIRRHIITIEG A BRIF. WREIRR
FIFIEBERIEL T, B T X RE2 — AT, XN ERATAIRBES T
-1 (A% 7.1.1 7). FATA] PAAIA— B _EESRESREGX AN T 2 7 F1E

detT =




UIBAARR TR GBI, T2 T MBRR— ek, XN RS
RAEGEST 1. AR TGRS A IR El— AR C
ik

Yy Z
<> <>
P . P y
Z X
YIRR A THIhES: YIRR C THIRES:

RR A MAIRR CMRATFAIRR, B 10T DUIR LAY 7 15 b ST
AT BN T

T/

I
(= -
— o o
(=R

FATA] AR E AT A UL UEIX N AR PRER 2R i R AR AR Y T

detT’ =

S = O
—_ O O
S O -

BNk, VREURI%TERE LT B AR AR F A m] T

O & /G1&K: 2025/07/16
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